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Abstract 

We consider an analogue of the Kac random walk on the special orthogonal group, 
in which at each step a random rotation is performed in a randomly chosen 2-plane 
of M. N . We obtain sharp asymptotics for the rates of convergence in total variance 
distance, establishing a cutoff phenomenon; in the special case where the rotation 
angle is fixed this confirms a conjecture of Rosenthal [17]. Under mild conditions 
we also establish a cutoff for convergence of the walk to stationarity under the L 2 
norm. Depending on the distribution of the randomly chosen angle of rotation, several 
surprising features emerge. For instance, it is sometimes the case that the mixing times 
differ in the total variation and L 2 norms. Our analysis hinges on a new method of 
estimating the characters of the orthogonal group, using a contour formula and saddle 
point estimates. 

1 Introduction 

The asymptotic analysis of the mixing time of Markov chains is an emerging field, and 
while discrete space Markov chains have a healthy and growing literature, there are 
still comparatively few examples of continuous state chains where the mixing time has 
been completely determined. Among the most natural and first studied such chains 
is the random walk on the orthogonal group introduced by Mark Kac [12] in order to 
model the velocities of a large number N of particles making elastic collisions. Briefly, 
at each step of the walk two velocities Vi and Vj are chosen at random and updated 
in such a way that v' 2 + v' 2 = v 2 + v 2 . What is the same, the vector of velocities 
(v±,...,vn) is multiplied by a matrix from SO(N) which consists of a rotation by a 
randomly chosen angle, in the randomly chosen coordinate 2-plane, e.; A 6j. 

The asymptotic mixing time of Kac's walk has received quite a bit of attention, 
going back at least to the paper of Diaconis and Saloff-Coste [3], but remains only 
incompletely understood. Besides the evident difficulty that the steps do not commute, 
the walk poses a number of challenges, foremost among them that, while the spectral 
gap has been determined by a number of authors [14] . [10] . [JJ, the bulk of the spectrum 
of the transition kernel is not known. Even granting the spectrum, there is the further 
difficulty that the walk's density is not in L 2 after any finite number of steps, which 
complicates the use of standard spectral techniques. In fact, only very recently the 



second author has given the first polynomial bound for the mixing time in the most 
natural total variation metric, but at (9(A r5 (log N) 2 ) it is still far from the expected 
true bound 0(N 2 ). 

The purpose of this article is to study a close relative of the Kac walk, which poses 
some of the same challenges, but for which we can give a sharp asymptotic analysis of 
the mixing time. In the 'uniform plane Kac walk' at each step we perform a rotation by 
a random angle 9, but now with the plane of rotation chosen uniformly from A 2 (S N ~ 1 ). 
Formally, let £ be a Borel probability measure on T 1 and let 

(cos 9 — sin 9 
sin 9 cos 9 
In -2 

the transition kernel of our walk is the map P^ : L 2 (SO(N)) — > L 2 (SO(N)), 

Ptf(X)= f I f(UR(l,2;9)U^X)du(U)dm 
Jt 1 Jso{n) 

where dv denotes Haar measure on SO(N). 

Theorem 1.1. Let £ be any Borel probability measure on T 1 excluding the delta mea- 
sure at 0. Define cr(0) = sin(#/2) and 

£(cr 2 ) = / a 2 {9)di{9)- 

The random walk P^ with initial state at the identity on SO(N) has total variation 
cutoff at t = N log N / 4£(er 2 ) . Precisely, uniformly in N , for t = iV(log N + c)/4£((j 2 ) 
we have 

\\Si d Pl - v\\tv(SO(N)) = He < 0) + /(c), 

where /(c) is a function tending to as \c\ — )• oo. 

The chief simplifying feature of our walk is that the transition kernel is invariant 
under conjugation, so that the spectrum is completely described by the character theory 
of SO(N), an observation that goes back to Diaconis and Shahshahani in [5]. Our 
analysis builds on that of Rosenthal [T7], who studied the walk in the special case 
where £ is a point mass at a fixed angle 9, proving the lower bound of our theorem 
in this case, and the more difficult upper bound for 9 = ir (see also work of Porod 
on a related walk [16]). The first stage in our proof of Theorem 11.11 is to complete 
Rosenthal's upper bound analysis for any fixed angle, with strong uniformity in the 
angle 9. 

Theorem 1.2. Let 9 = 9(N) vary with N in such a way that l -^=- < 9 < ir. Let P e 

denote the transition kernel of our walk in the special case when £ is a point mass at 
9. For t = N(logN + c)/Aa 2 {9), uniformly in N and 9{N), 

II W - H|tv = I(c < 0) + /(c) 
where again /(c) — > and \c\ — > oo. 
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As in the special case = ir treated by Rosenthal, the upper bound of Theorem 11.21 
is obtained by bounding the total variation norm with the 1? norm, which translates 
the problem into bounding a sum of character ratios (see [3] for similar computations 
in the finite group setting). Although this analysis does not go through for the upper 
bound in Theorem 11.11 because the density need not be in L 2 , we are able to sidestep 
this issue with a truncation argument (the extra symmetry of the walk is exploited a 
second time). 

The main new technique in our paper is an integral and corresponding differential 
method for evaluating the character ratios of the orthogonal group at a rotation, that 
may be of independent interest. Let p a be an irreducible representation of SO(N) 
indexed by dominant weight a, of dimension d a and character Xa- Rosenthal derived 
from the Weyl character formula an expression for the ratios 

u a 

as a trigonometric polynomial, which he could bound successfully when 9 = tt. We 
observe that in fact the character ratio is equal to the sum of the residues of a meromor- 
phic function attached to the representation, which allows us to use a contour integral 
and the method of stationary phase to give powerful estimates for the character (see 
Lemma 12.11 of Section 12.11 see also Lemma 15.11 of Section 15.11 for the differential for- 
mulation). To put in perspective the type of estimates that we are able to so obtain, 
for 9 ^ tt we show bounds for Rosenthal's trigonometric polynomial which are expo- 
nentially small in the length of the sum. It is a surprising feature of method that the 
special case 9 = tt that was resolved by Rosenthal using combinatorial arguments is 
most difficult for us to handle using our integral formula! 

When the measure £ of Theorem 11.11 has support bounded away from zero, the 
resulting walk converges in I? and, under the additional assumption that the support 
of £ is bounded away from tt, we are also able to determine the L 2 mixing time, and 
establish a cutoff phenomenon. 

Theorem 1.3. Let £ be a probability measure on T 1 having support bounded away from 

and tt, and let q be the point in the support of £ that is closest to 0. Let, as before, 
a{9) := sin(0/2) and £(<7 2 ) = a 2 (9)^(d9). Uniformly in N, we have 

f NlogN iV(logjV + 21oglogjV) ^ . . 1/fM 

1 > ll£(^P 8^) ) +CN ^ ¥ldP ~ Vh ~ V/(C) 

and 

/NlogN iV(logiV-31oglogA0\ Ar .. . „ t 

t<maX VWP 8a 2 (q) )- cN * WS^-uh^m 

where /(c) is a function tending to oo as c does. 

Remark 1. When cr 2 (q) < |£(<t 2 ) we exhibit a cutoff window of size 0(iV log log N). It 
is likely that 0(N) is the true size. 

Together, Theorems 11.11 and 11.31 have several surprising features. For one, the 
proof of the Theorem 11.31 exhibits a competition between the natural representation, 
which produces the spectral gap, and some moderately sized representations for which 
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the spectrum is smaller, but of higher multiplicity. We are not familiar with another 
such naturally occurring walk that has been studied. Also, for measures £ such that 
0-2 (q) < ^2 " we have a situation in which there is a cutoff phenomenon in both the 
total variation and I? norms, the two cutoff points are not the same, and both may 
be precisely analyzed. Again, we are not aware of comparable examples. 

The proofs of both the lower and upper bound of Theorem 11.31 are strongly de- 
pendent upon our integral formula for the character ratio. We prove the lower bound 
by using the saddle point method to obtain an asymptotic formula for the character 
ratio of a special class of moderate representations, for which we can also accurately 
estimate the dimension. The proof of the upper bound shows that this class of special 
representations is 'nearly optimal' with respect to trading off size of character ratio 
with dimension, by approximating the relative character ratios with the ratios of the 
respective integrands at the saddle point. 

We record several further consequences of Theorems 11.11 and 11.31 First, from The- 
orem 11.11 one can also derive near optimal mixing time results under the Wasserstein 
distance. Recall that for two probability measures fi, v defined on a metric space (0, d), 
the L 2 Wasserstein distance is defined by 

W 2 {^v) = inf [Ed(X,y) 2 ] 1/2 
{X,Y)&M(jj,,v) 

where denotes the set of all couplings of fi and v. We obtain 

Corollary 1.1. Let £ denote the uniform measure on T 1 . For t = N(\ogN + c), 
the Wasserstein distance of the uniform plane Kac walk SuP^ from Haar measure is 
bounded by 

W 2 (5 Id Plu) = o(l), c^oo. 
Proof sketch. The optimal transport inequality [19] gives 



W 2 {^U) < y/cP\\ll 



V TV 



where d is the diameter of the state space. For our walk on SO(N) the diameter is of 
order \/N. It follows in a straightforward way from our analysis that \\5idP N ^° sN+c ^ — 
v\\t.v. — as c — > oo, since the second largest eigenvalue is of size 1 — + 

0(N~ 2 ). □ 

Remark 2. Oliviera |15| proved that the Kac walk on SO(N) converges in at most 
t = \N 2 log N steps under L 2 Wasserstein distance. A direct adaptation of his method 
would give the same upper bound for the uniform plane Kac walk defined above. Our 
result does better than this by an order of N. 

In a familiar way, the analysis in Theorem 11.31 implies a cut-off phenomenon at 
twice the I? mixing time in the 'L°° norm with respect to Haar measure'. Note that 
in the continuous state space setting there is some subtlety in working with L°° norms. 
This is explained in Section [71 

Corollary 1.2. The conclusions of Theorem ] 1.3\ are valid with the mixing time doubled 
and the L 2 norm replaced by the L°° norm with respect to Haar measure. 
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We close the introduction with a brief description of the results in our appendices. 
While for this investigation we needed to understand the characters of SO(N) evaluated 
only at a single rotation, in Appendix A we prove a corresponding multiple integral 
formula for the characters of SO(N) evaluated at an arbitrary conjugacy class. Thus, 
in principle, the techniques developed here could be used to study a random walk gen- 
erated by elements of SO(k) C SO(N) instead of rotations in a single plane. Suitably 
modified, the argument of Appendix A also carries over to give integral formulae for 
the character ratios on the other classical compact Lie groups. 

Frobenius gave a well-known formula for the character ratios of the symmetric group 
S n evaluated at a cycle, as the residue at infinity of a certain rational function ([13], P- 
118). In Appendix B we prove a multiple contour formula for the character ratios of S n 
evaluated at an arbitrary conjugacy class, which generalizes Frobenius' result, and is 
the natural analogue of our formula from Appendix A. This contour has recently been 
exploited by the first author to bound the mixing time of the fc-cycle random walk on 

List of Notations 

Here we collect many symbols used extensively throughout the article. They will be 
reintroduced in the subsequent sections. 

• 9 = the angle of rotation defining the generalized Rosenthal walk. 

• a = sin(0/2); the mixing time is proportional to (2a 2 ) -1 . 

• fj, is a probability measure on T , used to define the mixed Rosenthal walk. 

• A = 2ra + 1 is the dimension of the ambient space of the special orthogonal group 
SO(N). 

• P = Pg or P^ is the corresponding Markov kernel. 

• as N n is the index of an irreducible representation of SO(N). 

• s € N n is the index of an irreducible representation in shift notation. 

• dj = a,j + j — 1/2 is the component of the Rosenthal index for irreps. 

• ay = cij/n denotes the rescale index component. 

• d a is the dimension of the irreducible representation p a . 

• r a(@) = Trp a (R(l, 2; 0))/d a is the character ratio at a. 

• g a (z) = Oz — ^ Y^j=i l°g(.z 2 + a "j) is the logarithm of the contour integrand for 
r a (0). 

• u) ~ cot (6/2) is the critical saddle point of go on the positive real axis. 

2 Background and representation theory 

For simplicity we restrict to the case iV = 2n + 1 is odd. All of our arguments go 
through for even with simple modifications. 

Let (j, and // be Borel probability measures on SO(2n + 1). Their total variation 
distance is defined by 

\\H - /x'Htv = sup \/j,(A) - n'(A)\, 
A 
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the supremum taken over all Borel sets A. We will be primarily concerned with this 
metric, but in the case that \fj, — //| has density I with respect to Haar measure, 

we also define the I? distance 

'd\fi — fjf 



>SO(2n+l) 



dv 




Our results make use of the harmonic analysis on SO(N); a reference for the theory 
of harmonic analysis on compact groups is [8] , see also [18j and [6] . 

Probability measure /i has a Fourier development in terms of the finite dimensional 
irreducible representations of SO(N). These are indexed by weakly increasing integer 
'highest weights' 

a = (ai,...,a n ), < ai < a 2 < ... < a n . 

We will also frequently use strongly increasing half-integer weights (Rosenthal's con- 
vention, convenient for the Weyl character formula) 

a= (5i,...,a n ), a k = a k + k - 1/2 

and the shift-indices 

s = (si, s n ), s± = ax, Si = Oj — Oi_i, 1 < i < n. 

The representation corresponding to a = is the trivial representation while a with 
a n = 1, afc = 0, k < n indicates the natural (matrix) representation. We set d a for the 
dimension of irreducible representation p a , and let Xa(g) = Tr(/0a(g)) be the character. 

We consider measures fi that are invariant under conjugation. Such measures have 
a Fourier series in terms of the irreducible characters on 



"a JSO(2n+l) 



ISO(2n+l) 

The Fourier map carries convolution to point wise multiplication: 

^*^'(Xa) = A(Xa) • A'(Xa)- 

Plancherel's identity takes the form 

y-V>'\\h = 5^ d a|A(Xa) - A'(Xa)| 2 , 
a 

with the interpretation that the right side is finite if and only if |/i — y!\ has an L 2 
density with respect to Haar measure. The Fourier coefficients of Haar measure are 
given by z>(xo) = 1, and z>(x a ) = if a / 0. 

In the special case that fig = 5jd ■ Pq is the probability measure generating the 
fixed-# Rosenthal walk, set r a (9) = fie{Xa) = for the character ratio at rotation 

Rg. The starting point for our analysis is the Upper Bound Lemma as discussed in 

m 



1 The characters of SO(N) are real. Note that our normalization for /Et(xa) differs from Rosenthal's in the 



factor of 
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Lemma (Upper Bound Lemma). Let fi be a conjugation invariant probability measure 
on SO(2n + 1) and let v be Haar measure. Then the total variation distance between 
H and v is bounded by 

1/2 

|/x-i/|| T v < ^l^-^Hi 2 = 2 X] d alA(x £ 

Wo 

In particular, the total variation distance to Haar measure for the Rosenthal walk of 
fixed angle 9 and step t is bounded by 

1/2 

(1) 



|IW'-^||TV<^E^aW 2 *j 



2.1 Dimension and character ratio formulae 

Using L'Hospital's rule and the Weyl character formula, Rosenthal |17| gives the fol- 
lowing evaluations of d a and r a {6): 



d a 



r\n n 

■ mi... (»,- in n«. n K-sa w 

v ' q=l l<s<r<n 



(2n - 1)! A sin^-fl) 
aW (2sin(e/2))2«-i^a jn ,^(" 2 -" 2V 



In the special case 6 = tt, he obtains good bounds for |r a (7r)| by taking absolute values 
in the above sum; in the general case, for 6 ^ 0, tt this no longer gives non-trivial 
results, since the factor (sin(#/2)) 2n_1 in the denominator grows exponentially with n. 
In general we are able to estimate the necessary massive cancellation on the sign in 
light of the observation that r a (9) is exactly the sum of the residues of the meromorphic 
function 

(2n - 1)! sin(flz) 
MZ) ~ (2sin0/2)2"-i n"=i[« 2 - z 2 ] ' 
This fact leads to the following integral formula. 
Lemma 2.1. For any a > 0, 

, m _ J_ f (2n-l)! e n8z 

raW 2m U (z)=a (2nsin0/2)2-i n j =1 (« 2 + z 2 ) 1 j 

where atj := aj/n. 

Proof. We may express the sum of the residues of / a # as 

r a (0) = [ U,e{z)dz 
2-ki J n 

where 1Z is any rectangle with corners ±B ± ina, B > a n , oriented counter-clockwise. 
As B — > oo, the integral over the vertical segments go to leaving two horizontal line 
integrals at Q(z) = ±ina. Exchanging z — > —z, the two integrals are seen to be equal, 

so we keep twice the top one. Now split sin(^z) as - — ^| ; the contribution from 

e t9z vanishes by shifting the contour upward to ioo. For the final result, replace z by 
iz/n. □ 
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3 Sketch of proof: the trivial character 



Recall that for the fixed 9 walk we set a = sin(0/2), and that for Theorem 11.21 we need 
to prove, uniformly in n, that for t = ra(logra + c), ||#id-£o — f|| — > as c — > oo. The 
key estimate that we prove is the following. 

Proposition 3.1. Let 9 = 9{n) G [t/^j 71 "] anc ^ se ^> as usua h °~ = sin(0/2). For aZZ 
sufficiently large n there exists a fixed constant C independent of n, 9 and the non- 
trivial representation p a such that 

| ra ^|n(logn+C)/«3 < d ~2_ 

The following sum-of-dimension bound is proved in Section HJ 
Proposition 3.2. Uniformly in c > 1 and n, 

^d~ c/logn = 0(e^ 8 ). 

a^O 

Combining these propositions implies Theorem 11.21 

Deduction of Theorem \1.SX The lower bound was proven by Rosenthal. For the upper 
bound, recall that N = 2n + 1 and set t = n(logn + c)/2o~ 2 . By the upper bound 
lemma, 

a^O 

and substituting the bounds of Propositions 13.11 and 13.21 this is bounded by 

\Y, d *~ c)/logn = °( e ~ c/8 )> 

a^O 

as required. 

□ 

To gain a heuristic understanding of our character bound argument, consider the 
case of the trivial character xo- Of course, ro(9) = 1; we will analyze r a (9) for other a 
by viewing the associated integral as a perturbation of the integral for ro(9). 

In the special case a = 0, set uij = (j — 1/2) /n for ay. We aim to choose a = oj in 
Lemma 12.11 where oj is the location of a real saddle point in the integral. In this way, 
the dominant part of the character ratio is given by the part of the integral very near 
z = to. To this end, introduce 

1 n 

g (z) = 9z--Y J ^{z 2 + rf) (5) 
j=l 

so that flU) become^! 

ro (0) = (2n ~ 1)! L / e n 9 o(z) dz 

2 The notation f, , indicates a contour on the line 5ft(z) = u. 
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A saddle point in the integral occurs for uj solving 

1 n 9 

n uj a + ui A - 
j=i J 

The information that we will need regarding go and its first few derivatives near the 
saddle point is contained in the following lemma, whose proof we postpone to the end 
of this section. 

Lemma 3.3. For < 6 < ir — ( lo ^") ; the saddle point oo is given by 

uj = (l + 0(log~ 2 n))cot h 

For fixed 9 £ (0, it), 

Lo = (l + O e (n~ 1 ))cot(^y 
Also, in the same range of 6 we have the asymptotics (go from ([HJ ) 

and for real t satisfying \t\ < uj V \, the bound 

\g Q 4) (uj + U)\ < 40(1 Aw" 4 ). 
In particular, for all n sufficiently large, 



32 I 5o(w) - 5o I w + jj J J - 40' 

Finally, for any uj > and i > 0, 

»Sl)(a; + t(t + l/n)) <»fld(w + tt). (7) 
Assuming this lemma, it is a standard exercise in the saddle point method to write 

ro(0) = (2n - 1)!e " 3 ° H if +f +[ } e^M-voW*. 

27r(2nsm6 , /2) 2n 1 [J^v^ 7r^<| t | <1Vw 7|t|>i Vw J 

In the first integral, we Taylor expand the exponent as 

-ng 2 \u) t - + ing 3) (uj)^- + O ( n\t\ 4 sup \g Q 4) (uj + is) 

2 6 V m<^ 



Thus the first integral is equal to (1 + 0(l/n)) / — M — (Taylor expand the higher 

V n 9o H 

order terms in the exponential and plug in Gaussian moments). Near the boundary 
t = the integrand is bounded in size by e _nlog n ( 1 +°i 1 ))^ using this bound 

and the fact that the integrand decreases in every period of length ^ (see (|7|) above), 
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we may easily bound the second integral. For the third, use this and note that for 
\t\ >wV 1, the integrand decreases by factors of e~ cn between dyadic intervals. Thus 
we may express 

(2n - IV e n-go(u) 

y2vrn^ ; (w) 

Notice that the same reasoning as above allows us to replace the integrand with its 
absolute value. 

Lemma 3.4. We have 

1 + 0(l/n) = , ^ 2n ~. 1 }l f°° \e n9o{ul+lt) \dt. (9) 

v / ; (2nsin6»/2) 2ri ^ 1 2vr 1 1 KJ 

In view of this lemma we may bound the character ratios |r a (#)| by bounding the real 
difference 

3^(5a(w + it) - g Q {u + it)). 

The error of size 0(l/n) is too large for low dimensional representations p a where 
r a (6) = 1 — 0(l/n), but for moderate and large representations, these bounds are 
given in Sections 15.21 and 15.31 The small representations are treated in Section 15.11 
using a differential rather than integral method. 



Proof of Lemma \3.3l Write 

s&(*) = *--£ 



n 

3=1 



+ 



z + i ^ y 2 z — i ^ 



9 + i(t/>(n + 1/2 - inz) - ip(-n + 1/2 - inz)) 
9 + i ( ip ( n H inz J — ^ in H h inz] + tt tan (iirnz))) 



2 

where ^ is the dilogarithm ip(z) = jr(z). Suppose z = oj > is real. Then 

iir tan (ivrnw)) = -tt + 0(e -7rnw ), 
while ip(x) = logx -\ — l/2x + 0(x~ 2 ) gives 

i yip + — — inuj\ — if) (^n + — + inuj\ ~\ 

_ x ( oj \ 1 oj „ / lAw^ 2 



= 2tan _i ; — + = + O = — . (10) 

\l + l/2n) nl + uj 2 V n J 

Thus the first claim follows from 

°- = cot- f i » o ) + O f l^CT) + O (e— ) 
2 V 1 + 1 / 2n / V n ) 
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lis.' 



We may express higher derivatives of go in terms of the polygammas ipk( z ) 



9o^ {z) = n ( tpi ( n -\ inz J +ipi (n-\ h inz J — 7r 2 sec 2 (iirnz) 



9o i z ) = —in 1 ( ip2 ( n + t, ~ i nz ) ~~ ^2 ( n + - + inz ) + 2n 6 tan • sec^ (iirnz) 



9(P ( z ) = —n 3 yp3 y n ^ 2 ~ ^ 3 [j 1 ^ 2 ^ nz J 2vr 4 (sec 4 —2 tan 2 sec 2 )(i7rnz) 

On 'R(z) = oj, the terms involving sec are exponentially small, so may be ignored. All 
of the claims follow from 

^i(z) = z~ l + 0(\z\' 2 ), ^ 2 ( z ) = - z -2 + 0(\z\- 3 ), M z ) = 2z~ 3 + 0(\z\- 4 ); 



we will just check the explicit bound for g Q 



g Q A) (uj + it) ~ 2 [(1 + t - iuj)~ 3 + (1 - t + iuj) 



(4). 



l + 3(t-iw) 2 
(1 - (t - iujff 



1 + 3t 2 - 3uj 2 - Qituo 
(1 -t 2 + uj 2 + 2itujf 



Now |1 - t 2 + uj 2 + 2itw| 2 = 1 + 2w 2 + w 4 + t 4 + 2w 2 i 2 - 2t 2 . When uj > 1/2, i < uj and 
|1 - t 2 + w 2 + 2ito;| 2 > (1 + w 4 ), so that 



</SV + tt)|<4 



1 + 9w 2 

(1 + w 4 ) 3 / 2 



< 40(1 A lo" 



When cj < 1/2, t < 1/2, and therefore |1 - t 2 + oj 2 + 2itu\ 2 > 1/2 while \t - iuj\ 2 < \. 
Thus in this case g^ < 4 x § x 22 < 40. 



We may estimate 3ft (w) — <?o + 
Finally, to prove the last claim, note that 

SR ( 5o (w + i(t + l/n)) - g (uj + it)) = log 



by Taylor expansion about uj. 



UJ 



UJ 



< 0. 



□ 



4 Bounds for dimensions 

This section collects together the basic estimates for dimensions of representations 
that we will need throughout the mixing time upper bound argument. We conclude 
by proving Proposition 13.21 

Since do = 1, the dimension equation ([2]) may be written as^l 



LA;- 1/2 J-J- (k-l/2) 2 -(7 -1/2) 2 ' 

k=l 1 l<j<k<n V 1 ' 



3 Recall hj = a,j + j — 1/2. 
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We may treat this product incrementally as 



d a =Hd a (k), da (k)=-—t- 



Ofc TT a k ~ a 



2 _ 7.2 
■j 



fe- 1/2^^-1/^-0- -1/2)^ 

If we replace 5, with j — 1/2 < dj in the product above, then we find 

(g fe + 2fc-l)! 

daW " a fc !(2fc-l)! ■ (U) 
In particular, this gives the following weak estimate for the dimension. 
Lemma 4.1. Recall the notation ak = a^/n. We have, for each k, 

log da(fc) < a fe log (l + + (2fc - 1) log (l + + 0(1). 

In particular, 

log d a < 0(n 2 ) + 2n ^ loga^. 

Proof. The first line follows from Stirling's approximation, and the second follows on 
summing. □ 

To get more refined estimates, in later sections we will frequently make index-shift 
arguments, and so it is most convenient to attach to representation p a the shift-index 
s given by 

s = (si,..., s n ), s\ = ai, Si = a,i-ai-i, i = 2,...,n. 

Note that as a runs over non-zero weakly increasing strings of length n, s runs over all 
non-zero strings in N n , and a is recovered from s as aj = Y2%<j s «- We abuse notation 
by writing d s = d a for s associated to a. 

Treating the product d s now as a whole, we may split it as d s = d~d£d®, where 



-Q \^>j<i< 



+ k-j 



i<k ' 



k — j 

l<j<k<n J 

s " 11 j + k-i 

l<j<k<n J 

< = n W + *- 1 / a 



+j+k-l 



k - 1/2 
Note that d* > 1. 

Let ej denote the ith. standard basis vector in N n . Our first set of bounds concern 
dimensions of shifts supported at the standard basis vectors. 



Lemma 4.2. For any sq £ N ra 1 we have 



(Oi,so)+e i+ i ^ , 

d/- ■ ~ 
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Proof. This is immediate from comparing separately each factor d~ , df and d®. 

We can easily bound d ei . 
Lemma 4.3. Let m = min(i — l,n — i + 1). We have the bound 



log d Si < m 



n 



n 



l + log2 + log — + log . 

m i — 1/2 



+ 2(n-i)[l + log2]+log 



n 



i- 1/2 



In particular, logd ei = 0(n). 

Proof. Splitting d sei = dj e .df ei d® Gi as above, we bound each in turn. 



d 



n n 



s + U- k ) 



l<j<ii<k<n J 



< 



ex p s 12 — 



1<7<* i<k<n 

so dividing according to j — k < m and j — k > m below, we have 



j ~k J ' 



log d; 



< 



£ £ 



1 



s * — ' 1 — ' j — k 

l<j<ii<k<n J 



< m + m 



1 1 
+ ... + 



m + 1 



n — 1 







< m 


1 + log — 




L mJ 



Similarly, 



n n 



s+j+k-l 



l<j<ii<k<n J 



r n 



i<j <k<n 



2s + j + k-l 
j + k-l 



< exp 



\ \l<j<ii<fe<n i<j<k<n J 



so that 

log <# Bi 



< 



j + k - i +2 . ^ j' + fc-l 



l<j<* i<k<n 

< m 



1 1 1 

~ + " 7 + ••• + o 7 

z « + 1 2n - 1 



i<j<k<n 

+ 2 



1 2 n- i 



n + i — 1 



+ 2(n-i) 



1 1 1 

+ : r + 



n + i n + i + 1 2n — 1 



< mlog 



2?) 



* - 1/2 



+ 2(n -<)[! + log 2] . 



Finally, 



<c = n 

fc>i 



s + k- 1/2 ^ / ^ 1 

-EnTs-^l'Ssr-v! 



so 



< log 



i - 1/2' 
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As a consequence of this lemma we get a crude bound for the dimension of any 
representation. 

Corollary 4.4. For all sufficiently large n, each representation p a has dimension 
bounded by 

d a < e 10nan . 

If ai = for all i < n/2 then 

d a < exp (|a| (logn + 7)) . 
Proof. Note that in shift notation, a n = |s| = ^ ■ Sj. By Lemma 14.21 



i=i 

The maximum over i of the upper bound for s _1 logd se . in Lemma 14.31 is less than 
lOn for all n sufficiently large. Combining these observations, the first claim of the 
corollary follows. 

To prove the second, observe that |a| = X^(ti — * + l) s i- F° r a U i > n /2 Lemma 
14.31 gives logd Si e, < {n — i + l)sj(logn + 7), which suffices. □ 

The preceding bounds are useful when we perform the right-side shifts before the 
left ones. Sometimes we will wish to perform left-side shifts first. The following lemma 
gives bounds in this case. 

Lemma 4.5. Let s € W . Let m = min(j, n — j + 1) and let 1 < r] < m be a parameter. 
Write 

|s|loc — ^ ^ 



Then we have the bound 
d, 



log 



l (s,0)+ ej 
d( s ,0) 



< m 



j-r/<i<j 



log n lo s — — + 2 



m + s ioc 



m + j 



+ rj log(n - j + 77) + 2(n - j + 1) + log 



m + j 



+ 0(1). 



Proof. With error at most 0(1), we have 

d: 



log 



(s,0)+e J 



d 



log 



(8,0) 



n n i+ 



< 



k % k % ~\~ s hoc 

J—ri<t<j j<k<n i<j—rij<k<n 



< 7] log(n — j + 77) + m I 1 + lo, 



n + [sjioc 
m + |s| loc 



(see JT2D below) 
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Meanwhile 
d 



log' 



(s,0)+ ej 

>,o) 



< log 



< log 



d 



(0,0)+ej 
(0,0) 



The first of these terms is bounded by 

12 m \ 1 

+ —- + ••• + — r+m 



n n O+j+in)- n G+tt^) 

j<i<k<n v 



+ ... + 



j J + 1 J + m — 1 [i + m 

The second is bounded by 

1 2 n-j+1 , . _ 
+ ^— r + ••• + ^— + (n - j + 1) 



n + j — 1 



< m 



1 +log 



m + j 



■ (12) 



2 j 2j + 1 
Finally, 



n+j 



n + j 



+ ... + 



1 



log' 



(s,0)+ej 
d ?s,0) 



log 



2n + 2j - 1 

n- 1/2 



<2(n-j + l). 



< log 



j ~ 1/2 



□ 



It will also be convenient to have some lower bounds for dimensions. 
Lemma 4.6. Let 7], 1 < 77 < n be a parameter, and set N n = N n ~ v © N 77 . We have 



d {s llS2 ) - ^( Sx ,0)^(0,s 2 ) - 



Sef I s x I = X^i<n-T? s »- We have 



<sx,0) > ' 1 + 



|Sl| 

2re 



In particular, for |si| < n, and /or 77 < n and all sufficiently large n, 

a (si,0) - e 

De/me |s 2 | p = X)i<n(0? _i + 1 ) s i)- Then 



n n (1+^1 > 

l<j<7i— 77 l<fc<77 



77 + j 



l<j<n— 77 



n (1+^, 

77 + J / 



V 



Proof. The identity d( Sl ,s 2 ) — ^(sj 0)^(0 s 2 ) * s i mme diate from the definitions. 
Now we have 



"(si,0) 



n 



+j+k-l 



l<j<k<n 



* n n 

j<n— 77 n—r)<k<n 



j + k-1 

j + fc ~ 1 + [Si| 
i + & - 1 



> 1 + 



|Sl| 

2n 



7177—77 
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proving the bound for dj n s for sufficiently large n. Meanwhile, denoting Sj the com- 
ponents of S2, 



(o,s 2 ) - 



n n (1+ 



l<j<n—r] l<k<r] 



J2i<k S i 

k + n — 77 — j 



> 



IT (■'■"'" ■ ) (switching j n — 77 — j) 



l<j<n—r] l<k<r) 



V + J 



* n (1+ 

l<j<n— r] 



v + j 



n 1+ 



l<j'<n— 77 



|g2|p 
77+ j 



□ 



We conclude the section by proving Proposition 

Proof of Proposition \3.2l Set 77 = |_ n3 ^ 4 J ■ Then letting 
d ( Sl ,s 2 ) > d J 1 ,o) d (o, S2 )' d o = and therefore 



N n_?? N 7 ? observe 



E * 



-c/ log n 



-c/ log n 



E (Co 

isieN"-i 



-c/ log n 



E ( d (o, S2 : 



-c/ log n 



,32 6^ 



so it will suffice to show that each sum on the right is 1 + 0(e~ c ) as n — > 00. 

We first handle the sum over s\. Observe that #{s G N n : |s| = j} < -n? Aj n . 
Applying the bound of Lemma |4.6| 

-en 7 / 4 / log n 



-cn 7 ^/ logn 



E (<,0)r /1OSn < 1 + E #{s € ' : |s| = j} ( 1 + ^ 



Ik 



<l + ^^ e - C 'i- 3/4 /logn + ^ J . 

7=1 j=4n 
= 1 + o(l), n — > OO. 



2n 



Now we consider the sum over S2 . Again applying the bound of the lemma, 

-c/ log n 

1 



E * 



"(0,s 2 ) 



-c/ log n 



s 2 eN'< 



< 1 + #{s G N" : |s| p = q} 

q=l 



n >+ 



j<n-r) 



V+J 



Evidently ^{s G : |sL = (7} is the number of partitions of q into parts of size at 
most r/. This is bounded by the total number of partitions of q, which is e 0<yy ^\ and 
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by q v . Thus the above sum over q is bounded by 
f n , cq(log n- log rj)\ 

l<q<V/2 V 6 / 

n 5/4 

+ ]T exp (0(^/5) - cri/8) 

q= V /2 

oo 

+ \^ exp (77 log (/ — c(n — 77) log g/ log n) ; (— > log g for n > 16) 

q=n 5 / 4 

the first term is 0(e -c / 8 ) and the remaining terms are o(l) as n — > 00. 

□ 



5 Deterministic 6: Theorem 1.2 



The heart of Theorem 11.21 is the character ratio bound in Proposition 13.11 The proof 
of this proposition is split into three cases depending on the size of the indices of the 
representations; in the next section we treat the small characters via a differential 
formulation of the integral formula ((!]). The remaining characters will be bounded 
directly from the integral formula, using saddle point analysis. 

5.1 Character ratios of small representations 

We consider a representation to be small if Y2i a i — alogn ■ ^ ne differential form of the 
character formula is as follows. 

Lemma 5.1. Letp a ,a= (a\,...,a n ) index a representation of SO '(2n+l). Set m = a n . 
Recall that we define dj = aj + j — 1/2. Let b\ > b<i > ... > b m complement {d\, a n } 
in {1/2, 3/2, 771 + n — 1/2}. Then the character ratio at a is given by 

(O 1M / m \ / n\2n+2m-l 

"<•> = v^J^kw^ W + ®) H) • (13) 

Proof. Since we know that Xo($) = 1 an d this holds uniformly for all 9 and all orthog- 
onal groups SO(2m + 1), we obtain the integral identity 

(2m -1)! f sin(z0) 

1 = — n.'. <t> ^ r, . ~ 77777; K^dz, 



(2sinf) 2m - 1 J njLitO' " V2) 2 - z 2 } 

valid for m = 0,1,2,..., 6 G T. 

Now taking any contour that encloses the real axis between ± (m + n — 1 /2) we have 

... (2n-l)l ! sin(z») 

\ m (1,2 i P>2> 



(2n-l)! t\J&xW + 



(2 sin 1)2-1/ n -ir[(j " V2) 2 - 

Passing the differential operator HjLi(^ 2 + outside the integral, we obtain the 
required expression. □ 
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We next give an expression for the character ratio in rising powers of a = sin |. 
Lemma 5.2. Keep the notations of the previous lemma. We have 

where 

E s = Y, f[[( m + n + i -3i-^) 

1<71<J2<— <i»<mt=l \^ 



Remark 3. Note that m + n + | — j — bj > 1 and is increasing in j. In particular, each 
term in each E s is positive. 

Proof. We have 

(bl + ^V" 1 = (r - l/2)(r - l)a 2 ^ 3 + (b\ - (r - 1/2) V^- 
Iterating this in (|13p we obtain 



m 

jl\- r 2n+2m-l 



k=i 



= E r ( 2 l n +l9n-?v 22|S| " 2rnfj2(W+|g|) " 1 II^ 2 - (n + m - m 5 (i) - 1/2) 2 ] (15) 

SC[m] ^ 1 ^ jeS 

where ms(j) = #(b — 1] \ S). The claim now follows on grouping terms according to 
s = \S\. □ 

As an example of the previous two lemmas, we now calculate the character ratio of 
the first few representations. These calculations will be used in the proof of the lower 
bound of Theorem 11.11 in the next section. 



Example 1. The trivial representation po has dimension 1 and character ratio 1. 

The first non-trivial representation is the natural representation P(o,i)- It's dimen- 
sion is 2n + 1. Using the previous lemma, we may easily calculate it's character ratio. 
We have m = 1 and b\ = n — 1/2 so that E± = 2n. Thus 

W*) = i-^t- P«> 

The tensor product P(o,i) <8> P(o,i) decomposes as a direct sum of the trivial repre- 
sentation, the adjoint square and the symmetric square: 

P(o,i) ® P(p,i) = Po © 0(0,1,1) © P(0,2)- 

The adjoint square /0(o,i,i) is a representation of dimension n(2n + 1). For this repre- 
sentation, m = 1 and &i = n — 3/2 so that E\ = 4n — 2. Thus it's character ratio is 
given by 

v ; n(2n + 1) 
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The symmetric square P(o,2) is a representation of dimension n(2n + 3). For this 
representation, m = 2 and b\ = n + 1/2, 62 = n — 1/2. Thus E\ = 4ra + 2 and 
i?2 = 8n 2 + 12n + 4. Thus the character ratio is given by 



4a 2 



r(o,2)(0) = 1 + 



16a 4 



n n(2n + 3) 
Lemma 5.3. We have the exact evaluation 

n 
i=l 

and the bounds 

\Ei I < (m + 2n) a n , |i£ s | < s|£?i| (3m + 2n) ^\ 
In particular, for a satisfying ^ Cj < - ^ - we /lave 

logr a (#) = -^(1 + 0(1/ log n)). 



(18) 



(19) 



s-l 



(20) 



Proof. Since {c^lILi and form a partition of {1/2,3/2, ...,m + n— 1/2} we have 

m n 

E x = £((m + n + 1/2 - i) 2 - 6 2 ) = - (< - 1/2) 2 ). 



i=l 



i=l 



Since dj = + i — 1/2 the evaluation of -Ei follows. 

The bound for \E\\ is immediate, since Oj + 2i — 1 < a n + 2n = m + 2n. 
To bound \E S \, split off the sum over j\ to obtain 



m . 1 s 

31=1 V ' 



e n 

31<32<—<js<m i=2 



m + n + i — ji 



In the inner sum bound 



bj t + m + n + i - ji - - < 3m + 2n, 



and 



m + n + i— ji — \ — bj 



m + n+ ^ - ji 

which follows from m + n + | — j — bj > 1 . 
Therefore 



< i. 



J .i, 



m ^ S 1 

£s < ^((m + n + --i 1 ) 2 -6 2 i )(3m + 2n) s - 1 s! ^ fj(m + n + - - j* - 6,,) 
=1 

m ^ 

(3m + 2n) ^^(m + n H j 1 — 6j 



ii=i 
< s 



jl<...<js<m i=2 



3=1 



■Eh 
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This proves the second bound. 

To prove the final claim, substitute the bounds above into (|14p and use 



a 2 1 

(3m + 2n) V Oi = 0(- ). 

' log n 



□ 



Proof of Proposition \3. 1\ for small representations. When ^ a% < - t " g - , the above lem- 
mas reduce the proof of Proposition 13. II to the estimate (now independent of 9) 



.Ei (a) log<i a 



2rc 



log n 



(21) 



This will be most convenient to verify in the shift notation s -<->• a, Qj = Ylj<i s j- 
Given a shift index s write s = Xy£=i s « e « f°r its decomposition in standard basis 
vectors. It is immediate from the expression (|19f) for £i that 



£i(s) > ^^(s^ 



i=l 

Since Lemma 14.21 guarantees that log d s < X^ILi i°§ d Si ei we have reduced to checking 
the claim for s of form se, . 
Now 

n n 

„-2\ 



I — I 



Ei(sei) = ^s(s + 2j - 1) > s^2j = s(n 2 + n + ■ 

j=i j=i 

Inserting the dimension bound for d sei in Lemma 14.31 we see that we have reduced to 
checking 



n 2 + n + i — i 2 
2n 



> min(i, n — i) 



l0 § min(t>-i) . log J 



logn 



logra 



log n 



Once n is sufficiently large, this may be seen to hold for all i by considering separately 
the cases n — i <C log n, log n <C n — i <C an d <C n — z <C n. □ 



5.2 Character ratios of moderate representations 

In this section we extend the proof of Proposition 13.11 to representations p a satisfying 
(in < 2 ' 1 ^ n , <T = sin(|). Since we have treated the case 2~^ a j ^ g-iogn i n * ne sec tion 
on small representations, we may assume that this no longer holds. In this section 
we will make use of the assumption that 9 > and we will further assume that 

7]- _ Q > log " . The case in which 9 is closer to ir is treated in Section [5 



As a point of reference, we record the following lemma regarding the dimensions of 
moderate representations. 

Lemma 5.4. Let a satisfy a n < 2 ' 1 ^ 6 " and > - £ - . Then for all sufficiently 

large n, we have the bounds 

/ra(5- log ct)\ , /2-10 7 n 2 
ex P a mfi! I < d a < exp 1 



4-10 6 logny " a " 1 V ° 
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Proof. The upper bound is immediate from Corollary 14.41 
For the lower bound, write 

d a >dj=T] a > +ai+j+i - 1 >nfi+— 

a J-J- j + i-l ~- Li V 2?i 

3>i j>i y 

The conditions guarantee that for C : = 2 • 10 6 /<7, a ' 2 ^ Q ' 3 < C, so that 1 + — 
exp( (a<+ ^ logC ). Thus 

j >s TT /(ai + aj)logC\ / (n - 1) log C ^ \ /n(5-logcr) 
d * * n eXP { 2C~n ) * 6XP { C~n 2>J * ^ U^logn 

□ 

In analogy with ([5]) for the trivial character, introduce (recall ay = aj/n) 

1 " 

g a (z) = fe--^log(z 2 + a 2 ), (22) 

so that, fixing the line of integration at the saddle point u> ~ cot(|) for the trivial 
representation, 

ra(*) = ^ (2n .~!l i / (23) 

H 



(2nsin6'/2) 2n - 1 2iri 

Heuristically, since 



{2n-l)\ 1 
(2nsin6»/2) 2 ™- 1 2^ 

we may bound 

\r a (0)\ < sup 



oo 
-oo 



P ng a (o;+it) 



e ng (u+it) 



In practice, we put in the sup bound only for small \t\ <S a ^/i g n an< ^ rer y on ^ ne ra pid 
decay of the integrand in t to take care of the rest of the integral. 
Before we begin we introduce the length function 

£(x;t,uj) 2 = \uj + it- ix\ 2 \u + it + ix\ 2 = (x 2 - (t 2 - ui 2 )) 2 + Au 2 t 2 . (24) 

This function plays a prominent role in the next two sections, e.g. because we may 
write 

1 n 

$t[g a (uj + it) - g (uj + it)} = - ^(log £(ojj;t,ui) -\og£(aj-,t,u))). 
We record several of its simple properties. 

Lemma 5.5. Lett andui > be fixed and consider £ as a function of x only. If\t\ < uj 
then I is minimized at x = with minimum t 2 + ui 2 . If \t\ > oj then £ is minimized at 
\x\ = \Jt 2 — uj 2 with minimum 2\t\u. In the case \t\ > uj, for < 5 < Vt 2 — uj 2 we have 

£(Vt 2 -uj 2 -5)< £(Vt 2 - oj 2 + 5). 
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We now work to prove our supremum bound for small t. Our goal will be the 
estimate 

n 2 (logn + C) ( 



2a 2 



-K [g a (uj + it) - go(u + it)] < - logd a 



(25) 



for a sufficiently large fixed constant C. As in the small representation section, our 
argument is based upon making shifts to the index, but whereas in that section we 
shifted the rightmost indices first, here we shift indices from left to right. 

Lemma 5.6. Let s 6 N J and recall that we set ej for the jth standard unit vector. For 
t satisfying t < 10 4 /l±y2 



log n 



5? 



5'(s,0)+e J (w + it) - ff( S|0 )(w + it) 

i (i - Sr)(i + Sxa + ¥) 2 + (^) 2 + ^ 2 ) L 

2n ((i + M)2 +w 2 )2 V 1 



4i? 



+ 0(l/n 



(26) 



Remark 4. For reference, note that if j ~ n and |s| is much smaller than n(l + uj 2 ) 

2(1-^) 

then the RHS of the above bound is roughly ,, , "■>, . 

Proof. Let a correspond to (s,0). Then ctj = ^ 2 an d a n = 1 + ■ We have 



5 f (s,0)+e J + it) - 5(s,o)(w + it) 
7T- lo g 



1 £(aj) 

— log —^r- 



1 , (a 2 +w 2 -t 2 ) 2 + 4u; 2 t 2 



2n 
1 

2n 



((a n + 1/n) 2 + w 2 - t 2 ) 2 + 4w 2 t 2 



log 



f 



((a„ + 1/n) 2 - a 2 )((a n + 1/n) 2 + a 2 + 2w 2 
(K + 1/n) 2 + w 2 - t 2 ) 2 + 4u; 2 t 2 



2f 



< 



1 {{a n + 1/n) 2 - a 2 )((a n + 1/n) 2 + a 2 + 2w 2 - 2t 2 ) 
2^ ((a n + l/n) 2 +w 2 + t 2 ) 2 



Since a n + 1/n > 1, the result follows on substituting the values of ctj and a n and 
factoring out expressions involving t. □ 

Lemma 5.7. Let (s, 0), s £ W , be the shift index of a, and let z = uj + it with 
\t\ < 10\ A±< 



(%) 7/a n = |s| < "^g"^ 2 t/ien /or sufficiently large fixed C, 



3g 



1 



n 2 (logn + C)(l + w 2 )-K 



5(5,0)- 



5(5,0) ( 



< -loe 



(5,0) 



(27) 



/iij /n t/ie range n ^ + ^ 2 < |s| < 2 • 10 6 nVl + oS 2 there is a fixed constant C' such 
that if uj > C' then the bound ji?7| ) continues to hold. 

( Hi ) For uj < C there is a third fixed constant C" > such that 
1 



-n 2 (logn + C)(l + a; 2 )-3f? g {a ,o) +ej (z) - g (s , 0) (z) < -C"(n - j + 1) log 
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Each ofC,C and C" is independent ofn,9, and s. In particular, 



(iv) The bound (21) holds unless n — j + 1 < n R for a fixed universal k < 1. 
Proof, (i) The restrictions on |s| and t allow us to write (|26p as 

(1-¥)(1 + W + S+ 2 ^ 



5(sW*)-P(s,0)(*)J < " 2n(l + a;^ n i (l + 0(l/logn)). 



The relative error term may evidently be ignored by choosing the constant C sufficiently 
large. Set m = n — j + 1. For all j the RHS above is less than 

o 

mlogn • max((l — 0(m/n)), c) 



(1 + uj 2 )n 2 log n 



for some fixed c > 0. Meanwhile, we have a bound of > — mlog(n/m) + 0(m) for the 
RHS of (|27p by taking 77 = 1 in Lemma 14.51 The first claim follows by choosing C 
sufficiently large to cover the case of small m. 

(ii) For |s| < 40(Wl + w 2 if oj is larger than a sufficiently large fixed constant then 
in fact the net effect of the ^ terms in the RHS of (|26p is negative, so that the above 
argument goes through without further restriction on |s|. 

(hi) In any case, in the range |s| < 400n\/l + co 2 , inclusion of the factors of ^ 
changes the RHS of (|26p by at most a constant factor, which proves the third claim. 

(iv) The claim regarding k now follows, since uniformly in |s| < 400n\/l + oj 2 we 
have that the LHS of (|27p is less than —dm log n, for a fixed d > 0, while the RHS is 
> —mlog(n/m) + 0(m), with m = n — j + 1 as before. □ 

Lemma 15.71 allow us to prove Proposition 13.11 for moderate representations that 
satisfy a n ^ - £ n . While the strict increment inequality (p?P does not necessarily 
hold for every increment in the range a n ^, the next lemma demonstrates that it 
holds for 'most' increments, which suffices for our purpose. 



l+Ul 2 



Lemma 5.8. Let a satisfy a n < 2-10 6 nv / l + oj 2 and let z = oo+it with \t\ < 10 4 y logra 
Then for C the large fixed constant of the previous lemma and for n sufficiently large, 

^n 2 {\ogn + C + l){l+u 2 )-U[g a {z)-g {z)} < -logd a . (28) 

Proof. Let s correspond to a and set |s| = a n = m. Using standard basis vectors we 
may write (in accordance with left-to-right shift) 

s = ej 7 . , ii < h < ... < i m ; 

set also s J = Yjk=i e *fc w ith s° = 0. Obviously 

in 2 (log n + C + 1)(1 + uj 2 ) ■ K ba(^) - go(z)] + logd a 

in 2 (log n + C + 1)(1 + l. 2 ) • K (z) - gj-i (z)} + log -^-1 . (29) 



E 



s.' 



-1 
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If either m < 



log n 



or uj > C 1 then we may apply either (i) or (ii) of the previous 
lemma to conclude that each term in the sum is negative so that we are done. So we 
may assume that m is large and that uj is bounded. 

Call k = ny \ogn 2 an< ^ ^ m ° ^ ^ denote the index of the first positive term in 
the sum. Note that i mo > n — n K for some fixed k < 1, by (iv) of Lemma 15.71 

We first argue that we may assume that m — tuq is large by noting that the first 
k terms in the sum of (|29p are substantially negative. Recall that uj is assumed to be 
bounded. Applying Lemma 14.61 with rj = n — i k + 1, we deduce for n sufficiently large 
that 

' n{n — i k + l)' 
3 log n 

Since the sum up to k in (|29|) is negative, even when C + 1 is replaced by C, it follows 
by comparing with -t§ttt that 



d s k > exp (k(n — + l)/3) > exp 



1 



log n 



n 2 (logn + C + 1)(1 + uj 2 ) ■ 3? [g s k(z) - g (z)} + log(i sfc 



<(l + o(l)). 



-n(n 



ik + l) 



3(log n) 2 

Now for j > k, Lemma 14.51 gives that 
d 



(30) 



log 



d s j-i 



< (n-«i + l)(logn + 0(l)) < (n-i fc + l)(logn + 0(l)), (31) 



and so we immediately obtain that (|29p is negative unless m — mo > 4 (i g ra )3 • 
Let 5 > be a small, fixed, positive constant and set 



J 



log(n 



''mo 



+ D 



log(l + 6) 



<C log n. 



We partition {i 



mo 5 "mo 



+ i,...,i m } into J sets by defining 



Sj = {i x :i x £n- I,}, I, = [(1 + 6y-\ (1 + 6Y), 



2/i 



3J(logn) z 



> 



(log n) 



3 = 1,2,..., J. 
s-. We discard all Sj 



We perform a trimming on the sets Sj . Let M 

with |iSj| < M. Prom each remaining set we form Sj by removing the smallest M/2 of 
the «a from Sj. Altogether we have discarded at most \JM < [iognP °^ ^ e ^ow 
in view of ([3T|) . the total contribution to ([29]) of the discarded i\ is bounded by 



(l + o(l))(n-i fc + l) 



(log n) 3 ' 

which is negligible; see (f30|) . 

We now claim that if 5 was chosen to be appropriately small, then for each remaining 



in 2 (log n + C + 1)(1 + uj 2 ) • K - <fe£-i(z)] < - log 



Setting s = s e 



-i 



za and rj = 35(n — + in Lemma 1431 we find that |s|i oc > M/2, 



(it includes all of the deleted points from the set containing i x ) 



log 



< 3<5(n — ifc + 1) log n + 0((n — i^. + 1) log 2 n). 
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Choosing 35 sufficiently smaller than C" from the previous lemma proves the claim 
and finishes the proof. □ 

Lemma [5.8l completes our supremum bound for small t, so we now turn to bounding 
the tail of the integral in (I23|) . 

Lemma 5.9. Introduce the function 

m^it) = max JR(g a (uj + it)). (32) 

a:a„<2-10 6 Wl+^ 2 

This satisfies the following properties. 

1. The maximum in m u {t) is achieved at a = when t 2 < to 2 + 1/2. 

2. The monotonicity property m u {t) > m u (t + ^) holds for all t > 0. 



3. For t > 4 • 10 6 Vl + w 2 , there is a c > suc/i i/iai m UJ (2t) < m^^) — cn. 
Proof. Recall 

^(<? a (^ + it)) =J--V log^(aj)). 

3 

In view of the last claim of Lemma 15.51 the minimizing choice for a is when the 
minimum for £(x;t,u) occurs for |x| < \. This proves the first claim. 

Notice, also, that the optimal choice for the aj will be a contiguous block, i.e. the 
optimizing a is of form (k) n for some k > 0. This suffices to prove the second claim, 
since if (k) n achieves the maximum in m u (t + — ) then 

m w (t) > K(5( fe _i)n(w + it)) > K(5( fc )n(o; + i(t + 1/n))) = m w (t + 1/n), 

while if achieves the maximum in (i + - ) then 

m u (i) > K( 5o (w + it)) > $l(go(u + i(t + 1/n))) = m u {t + 1/n), 



by applying the last claim of Lemma [ 

Finally, notice that the restriction on a n is equivalent to a n < 1 + 2 • 10 6 \/T+~aj 2 . 
For all \t\ > 4 • 10 6 v / T+7J 2 the maximizing a is easily seen to be the block with a n as 
large as possible. The last claim now follows from Euclidean geometry. □ 

We now bound the tail of the integral for r a (0). 

Lemma 5.10. We have the bound 



I 



l*l>ioV 



le n 9 ^ + U) ]dt < exp ( (u) _ Q& + 0<Mh\ 

V log n y 



log n 

Proof. In the integral we may evidently replace g a (uj+it) with m w {t). When \t\ < 1 Vw, 
m^{t) = K(go(w + it)); for |i| = 10 4 ^/ + 0{l/n) Taylor expansion of go around u 
gives [Lemma 13. 3j 

^go(oo + it)<g (co)- W8 . + ° {1) . 

log n 

The bound now follows easily on applying the monotonicity of m u and rapid decay for 
\t\ > 4 - 10Vl + w 2 . □ 
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We now put together our pair of bounds to prove Proposition 13.11 for moderate 
representations. 

Proof of Proposition VJ.1\ Recall that ([5]) of Section [3] gives 

(2n - IV e ngon 

1 = -»<»> = ^L^i l m f + 0(1/n)) 

while Q of Section [3] gives 



CO 



1 + 0(l/n) = ? (2n „ / \ ) ' / |e n9o( " +ii V*- 

v 7 ; (2nsinf9/2)2«-i 2vr ' 



oc 



Thus we have the bound 

|r a (0)|(l-O(l/n)) < sup exp(n3fc(0 a (w + it) -po(w + **))) (33) 



l'l<io 4 /S 

+ V 27r 5 f o 2) ( w ) n / , _exp(nK(5 a (a; + it) -flr (w)))rft. 

J|i|>io 4 ,/±±^ 



'|ti>io4 A /i±^! 

By Lemmas 15.81 and 15.101 the RHS is bounded by 

( 2 ^ 2 , ,\ /-10 8 n(l + o(l)) 

< exp n 7T7TTT log d a + O I exp ' 



n(logn + 0(l)) J \ \ logn 

Now we appeal to the dimension bounds for moderate representations that we 
proved in Lemma l5.4l at the beginning of this section. Since d a < exp( 2 ' 1 ^ n ), the last 
expression is 

/ 2a 2 

< (1 + o(l/n))exp log d a 

\ n(logn + 0(l)) 



We have thus shown that 



log|r a (0)| < — logd a (l + 0(l/logn)) + 0(l/n). 

n log n 

Since d a > exp ^ ^lo^kfg'n ) anc ^ ° — ^ follows that in fact 

-2(T 2 

log|r a (0)| < — log d a (l + 0(1/ logn)) 

n log n 

which proves Proposition 13. II for moderate representations. □ 



5.3 Large representations 

Among those large representations, for which a n > 2 ' 1 ^ >n , we distinguish further two 
kinds. Let k = n — L^=jJ. If < we say that p a has 'controlled growth'. 
Otherwise we say that p a is 'giant'. 
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5.3.1 Controlled growth 

In the case that p a has controlled growth, let k < in < n be maximal such that 
o ra < ® 171 . We are going to view r a (6) as a perturbation of the character ratio 
r a(m)($) on SO (2m + 1), where a(m) denotes a truncated at a m . 

Let, as usual, u denote the location of the saddle point in the integral of the char- 
acter ratio for the trivial representation on SO(2n+l), and let uj' solving g' r m }(w') = 
denote the corresponding saddle point for SO(2m + 1). Our first lemma controls the 
discrepancy between these two saddle points. 

Lemma 5.11. Keep, as usual, the restrictions < 9 < tt — IlHi^L. F r all suffi- 
ciently large n, 

1\ 1 

\UJ — UJ \ < UJ { < — . 



m n j n 

Also, for all a between uj and uj' and for all \t\ < 1/2 V a, 

I I n I 



1VW 



\XMa + it))\ = 
Proof. In view of (|1U|) in the proof of Lemma 13.31 

1 + 0{n~ 2 {l + uj 2 y l ) 



ff0(m)( W ) = lfo(m)( w ) -5oH| < 



1 1 

m n 



1+UJ 2 

The first claim then follows, since ffofm)^) ~ i+a' 2 ^ or an w < Q < u '■ 

Now g' (a + it) = g' (a + it) — g' (uj). Since \a — oj\ < ^ the bound follows from the 
bounds for derivatives of go in Lemma 13.31 □ 

We now choose a contour in the integral formula for r a (9) passing through uj' and 
given by 

Here C is a contour that depends on uj': if cj' > 1/200 then the contour consists of just 
{uj' + it : \t\ > 10 4 ,/t^-.}. For J < 1/200 the contour has four pieces: 




, 1 

"'200 



1+UJ 2 , Vl +oj 2 \ WI+uj 2 

C = I uj' + it : 10%/-± < \t\ < -—— } U < a± — : a £ 

log n 3 3 

i . . . VT+Z?\ 

U < \-it:\t\> > . 

^200 11 3 j 

This particular choice of contour allows us to put in a sup-bound for the contributions 
of a,j , j > m in the integrand by ensuring that the contour does not pass too near any 
associated ay = dj/n. 

In fact, throughout this section we are going to argue by keeping track of the 
incremental change to the integrand e n9a ^ m ^ z ' and to <i a ( m ) as we append successively 
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each a,j, j > m. We have already discussed the information that we need regarding the 
dimension increment at the beginning of Section |H Recall that there we introduced 
d a (j) such that 

n 

3=1 

For those j > m, Lemma |4. II gives for each j > m that 



= II da (^- 



logda(j) < (2J -1) log ay + 0(n). 

As in the section on moderate representations, we are going to put a sup bound in 
for the integrand e n9a -( w +%t ^ when \t\ is small, and the give a more trivial bound for the 
tail contour C. The sup bound for small \t\ is as follows. 



Lemma 5.12. For \t\ < W 4 



4 /1+oj 2 



logm and for a sufficiently large fixed constant C, 

2a 2 log d a 



raK (g a (u/ + it) - g {uj + it)) < 



n(logn + C) 



(34) 



Proof. In the stated range of \t\ and for a between oj and u/ we have g' (a + it) = o(l). 
Since \uj — uj'\ = 0(l/n) it follows that 

iffo(m)(w' + it) = ng (m)(.u + H) + o(l). 

Thus we may write the LHS of (|34l as 

. " a 2 + {J + it) 2 
m^(g a ( m ){uj +it) -g ( m )(uj +it)) - 2^ ^!og , . 2 

j=m.+l ( 3 —^- ) 



+ {uj'+it) 2 

Since p a i m ) ls either a small or a moderate representation of SO(2m + 1), 

2cr 2 log d a(m) 



»™3? (#a(m)(y + **) - 50(m)(w' + it)) 



< 



m(log m + C) ' 



and therefore the proof is completed on observing that 



°(!)+ £ 

j'=m+l 



2<T 2 logri a (j) a 2 + (a/ + it) 2 

n(logn + C) 



3-1/2 



+ (fa/ + it) 2 



< 



in view of the bound for d a (j) above, and using ay > 10 6 \/l + w 2 for all m < j < n. □ 

Lemma 5.13. iTeep f/ie definitions of m and C from above and let m < j < n. We 

have 

,2 , „,2| 



inf \z l + aj\> 2(1/200 V u)ctj 



zee 



Proof. Observe that on any line $l(z) = a, the minimum of \z 2 — (ictj) 2 \ is 4a 2 a 2 
It only remains to check that for u) < 1/200, the minimum of \(co + it) 2 — (iaj) 2 \ for 
t < VT+ uj 2 /3 exceeds 2aj/200, but this is obvious geometrically. □ 
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We now bound the integral over the contour C. 
Lemma 5.14. We have the bound 



/ exp (nUg a (z) - ng (uj)) d\z\ < exp 

J zee V logm 

Proof. In view of the last lemma, the integral is evidently bounded by 

n 1 + w 2 f 

II 2a -f 1/200 Vt^ X / ^(^[0( n-m )(* -w )+ m 0a(m)(*) -™0o(m)M])d|z| 
Using ^ 1 < , } . l , each term in the product is bounded by 20 °Vi+^ < ( ViW 

° 2(amaxb) — V^+b 2 ' ^ °j — \ a J 

As regards the integral, if u' > 1/200 then the result now follows from Lemma [5, 101 
of the previous section. If uj' < 1/200 Lemma 15.101 still bounds the vertical part of the 
integral that is nearest the real axis, so it remains to bound the horizontal part, and 
the vertical part that extends to ±ioo. Taylor expanding <7o(m) at + i + a/ 2 /3 we 
find 

go(m)(w' + iVT+^/3) -5o(m)M < -1/40 + o(l). 

Using 8 < ir and n — m < m we find that throughout the horizontal part of C, where 
|i| = \/T+ w2 /3, the integrand is bounded by 

exp(-(l/40 - vr/200)m + o(m)) < exp(-m/200). 

Therefore the remainder of the integral contributes exp(— m/200 + o(m)) by mimicking 
the proof of Lemma 15.101 □ 

Proof of Proposition \3.1\ . Arguing as in the proof for moderate representations, 

(1 - 0{l/n))\r a (8)\ < sup exp (nM(g a (cj' + it) - 9o (uj + it))) 
\t\<i*yftg£ 

+ \J 2irng^\uj) f exp (nMg B (z) - ng (uj)) d\z\ 
JzeC 

Putting in the bounds of Lemmas 15.121 and 15.141 the RHS is 
\ n(logn + G)/ \ logm 



1/10 



1/10 



j=m+l 



As in the earlier proof, 



,'(-10 8 + o(l))m\ f 2a 2 logd a(m) 

exp I = o(l/m)exp 1 



Moreover, 



logm / I n(logn + C) 



ex T o J-JL 

for all n sufficiently large. Thus 

2<t 2 log d a 



log|r a (0)| <0(l/n) 



n(logn + C) 

The error term of size 0(l/n) is dealt with as before. □ 
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5.3.2 Giant representations 

Once the representation is giant, trivial considerations suffice to bound the character 
ratio. We take the integral contour on the line ^R(z) = w V 1 so as to avoid nearby poles 
of the integrand, and put in a sup bound for all but the first factor from the product, 
reserving the first factor to ensure convergence. This yields 



|r a (0)| < O Nng^icj) 



n9?(g a (2)-3oM) 



»00=lVu; 



d\z\ 



TIT 



D 2 + 



a\ + {{ly uj) + itf 



dt sup 

5R(z)=lW, j=2 



J-l/2 
n 



+ 0J< 



o?- + z 2 



The integral is 0(u A to 2 ). If ay < 1 V lo then the denominator of the jth term in the 
product is minimized at = with minimum value a 2 + (1 V uj) 2 . Thus the jth 
term is bounded by 1. Otherwise, if ay > lVw the minimum value of the denominator 
is 2oy(l Vw) > +uj 2 ). 

Therefore, we obtain the bound 



|r a (6>)| < 0(n l ' 2 e^^ en ) TT - 



a,- 

i>i 



Applying the dimension bound of Lemma 14.14 we deduce that for giant representations 

2cr 2 log d 8 



log |r a (0)| 



ralogn 



(35) 



j:aj>lVcj 
J>1 



+ o 



cr 2 n 



2<r 2 ^ , 

; + i 2^ lo S a i 

log n I log n ^-^ 



We may see that this expression is asymptotically negative as follows. As regards the 
two sums over j for which aj > lVw, the first is asymptotically larger than the second 
by a factor of at least logn. Moreover, for all j > k, 

:k 



aj > lOVl + w 2 - > 5 • 10Vl + w 2 

n 

so that the first term is of order at least £l(n). Thus the two terms on the second line 
are asymptotically dominated. 

We need compare the first two terms only for u) < 1. In this case, using a, > 5 x 10 5 
for j > k, and k < n(l — l/2\/2), we see that 



logaj > ^ l°g( 5 x 1q5 ) > 4.6n > 7rn, 
j=k+i 



j:Oj>1Vw 
J>1 



which shows that the first term of the RHS of (|35p dominates the second. This com- 
pletes the proof of Proposition 13.11 for giant representations. 
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5.4 The case of 6 close to ix 



Our treatment of moderate and large representations in the last two sections completes 
the proof Theorem 11.21 for 9 varying with n in the range < 9 < tt — ( lo ^ n ) • The 
case 9 ~ tt is difficult because the location of the saddle point cannot be determined 
accurately. We now show that a modification of Rosenthal's argument in the case 9 = tt 
suffices to cover the range 9 > tt 



(log") 2 



For this range of 9, sin(#/2) = 1 — 0(n 2+e ), and so we seek the estimate 

2 log d a 



log | r a (0)| < 



n(logn + 0(l)) 



The section on small representations gives this estimate already for any a satisfying 

J2j a j < WTE^' so we ma y assume that «n > 2Tof^ and Tlj a j > 4(iogn)^ - Applying 
Lemma 14.61 with rj = 1 in the first case, or i] = n — 1 in the second, we deduce that the 



dimensions of the remaining representations to be considered exceed exp( 3 X^ rt ). 
Introduce 



(2n- 1)! 
2 2n ~ l 



sin(aj7r) 



Note that 



r a (0) < (sin 9/2) 



-2n+l 



r a (7r) < (l + 0((logn) 2 /n))r a (^). 



Rosenthal's upper bound in the case 9 = tt is proven by showing that logr a (-7r) < 
n(logn+C) • Therefore, bounding the remaining factor in r a {9), 



log|r a (0)| < O 



(log n) 



n 



2 log d a 



< 



2 log d a 



n(logn + C) n(logn + C) 
Thus the error may be absorbed into the constant. 



[l + OirT 1 ^)). 



6 Mixture of rotations 

The remainder of the paper concerns random walks wherein at each step the angle of 
rotation is chosen from a fixed distribution. If £ is this probability distribution on T , 
the mixture walk has Fourier coefficients 



£(r a ) = / r a {9)dm- 



Generically we expect that the mixing time in total variation is controlled by the 
eigenvalue at the lowest dimensional non-trivial representation. In this case, this is the 
natural representation of dimension 2n + 1, with eigenvalue 

f f 2(sinfl/2)^ A^) 

leading to a predicted total variation mixing time of 

log d(o,l) nlogn 



log£(r (0 ,i)) 2£(a 



2\ • 



(36) 
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In the case of the mixture walk, the situation is muddied a bit because the quantity 
-T^gfefr )l * s no ^ necessaru y maximized at the natural representation. Heuristically this 
is suggested by our Proposition 13.11 which proves the bound 



p -2(sin fl/2) 2 

ie(r a )i < / da n{i ° sn+c} dm- 



This is only an upper bound, but for large representations p a this bound suggests that 
£(r a ) is largely controlled by the part of £ nearest (the issue is that the integration 
is not in the exponent). 

In the proof that follows we confirm the natural representation prediction (|36p for 
the mixing time, proving Theorem ll.il but as the above discussion suggests, we do not 
follow the customary path of bounding the L 1 norm with the I? norm, instead using a 
truncation argument to bypass the larger dimensional representations. In the following 
section we prove a cut-off for the I? norm at a point which depends on the smallest 
point in the support of measure £, thus confirming Theorem 11.31 

6.1 Random 9 in total variation: Proof of Theorem LLJJ 

The lower bound follows from a standard application of the second moment method 
(see [5]) applied to the function X(o,i)- The necessary estimates appear in Example [1} 

d (0 ,i) =2n + l, e(r (0 ,i)) = 1 - + 0(n~ 2 ) 

d (0 ,i,i) = n(2n + 1), £(r (0 ,i,i)) = 1 - + 0{n~ 2 ) 

d (0 , 2 ) = n(2n + 3), £(r (0 , 2) ) = 1 - + 0(n" 2 ) 
together with the decomposition 

4,1)=X0 + X ( 0,1,1)+X(0,2)- 

We refer the reader to Rosenthal's proof of the lower bound in the case of deterministic 
9, |17] Theorem 2.1, where the details are the same. 

For the upper bound, recall that we set \xq = Sid ' P$ f° r the generating measure of 
the fixed-# walk. Proposition 13.11 guarantees that there exists a C > such for all n 
sufficiently large, and for all non-trivial representations a, 

log|M%a)| =log|r a (0)| < -^-^—\ogd a . 

n(iog n + L) 

Let c > and let t = n ( lo g™+2C+2c) ^ (Conditioning on the choices of 9 at each step 
of the walk, and applying the triangle inequality, we have 

\\S ld Pl-u\\ < JJJ \\ l i ei *---*iMe t -v\W9 1 )---(i{de t ). 

fleer 1 ) 4 
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Since the total variation distance is bounded by 1, for any measurable set E C (T 1 )* 
we obtain the bound 



by applying the Upper Bound Lemma on E c . We now define 

t 



E = < 



9 G (T 1 )* : ^2a 2 (0 j ) < n(logn + C + c) 



2 

c n 



Then the classical Central Limit Theorem gives that there exists a constant K such 
that 

!f\E) « exp 



■c/8 } 



Kilogn) 2 

Meanwhile, applying Proposition 13.21 the integral over E c is bounded by 



1 



sup - V" exp | 2 log d a 

e ^ Ec 2 t^o 



1 



1 



n(log n + C) 



E 2 - 2 



i 



<^E^ os " = °( e " 



a^O 



completing the proof. 



6.2 Random 6 walk in L 2 : Theorem 11.31 

Our proof of Theorem 11.31 exhibits a competition between the character ratios vs di- 
mension growth for small and moderate representations. The large representations will 
be inconsequential. We will first prove the lower bound, which is illustrative. Then we 
will discuss how to modify the argument from the fixed 9 setting to obtain the upper 
bound. 

Throughout this section, it will be convenient to use as reference points block 
representations of the form a(s,i) = (0 n _ n t, (n s ) n t), < s,t < 10 As a starting point 
we estimate the dimensions of these representations. 

Lemma 6.1. Let &(s,t) := (0 n _ n t, (n s ) n t) with < s,t < 1. Also let a(u) = a(u,u). 
We have 

log<4(M) = (l-sVtK+'(logn + 0(l)). 

Proof. As usual, we write log d a ( 3 $ = log d^ s ^ + log d£r a t \ + log <O a t ) ■ We dispatch 
with the first two terms quickly, as they are of lower order. 
We have 



^ log n ' + i- 1/2 =Q(n^). 



™ & 3 ~ 1/2 

n—n* <j<n 



Meanwhile 



l0 S d a(M) = E E l0 * 

i<n— n* n— n t <j'<n 



n s + j + i — 1 

j + i-l 



0(n s+t ), 



4 Throughout, n x is assumed to be an integer. 
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since the logarithm is 0{n s 1 ). 

With the term log d~, .\ we must take more care. We write this as 



J — Z 
i<n— n 4 n—n t <j<n 

n s + j + i — 1 



j + i— 1 

i<n— n* J<n* 

Ek + n s t ^ k + n s ^ k + n s 

k=l n*<fc<n— n* n—n t <k<n 

The last of these sums is 0(n s+t ) since the logarithm is O^" 1 ). The first is also 
0(n s+i ) since it is bounded by [use log(l + x) < x] 



In the middle sum, if s > t then we split the sum further at n s . The first part of the 
sum becomes 



V log < 0{n s+t ) + n* V log ^ = 0(r 

n t <k<n 8 k<n s 



We are left with the sum 

n* £ log(l + £W £ (^ + 0(n-A 2 )) 

n sV *<fc<n-n* ^ ' n sVi <fc<n-n' ^ ' 

which evaluates to the main term, as desired. □ 

For 9 S [e, 7r — e] we can give a strong approximation to the character ratio r a ( u \{0) 
using the saddle point method. We first record the necessary properties of the function 
Sa(u)O)- 

Lemma 6.2. Let D be a bounded rectangle contained in the right half plane {z 6 
C : 8t(z) > 0}. Let 1/2 < u < 1 — 5 for some 5 > 0, and assume n u is an integer. 
Uniformly for z £ D we have for all m > 1 

= " n 2{u - 1] 9o +2 (z) + O^^" 3 ^ 1 ')- 

In particular, suppose 9 6 (e, 7r — e) /or some e > 0. Lei u/ > soZue the saddle point 
equation g' a ^(^') = and let us be the usual saddle point g' (uj) = 0. We have 

s£V) 

^4/so, 

5a(u)(^) =5oH-n 2 («- 1 )^ 2) ( W ) + O e (n 3 («- 1 )), g^ u) {u')=g < i\u) + 0,{n 2 ^). 
Finally, for all t > and a// n sufficiently large we have 

^5a(u)<y + it + i/n) < ^g a ( u )(uj' + it). 



J = u + „2(«-i)5oM + 0e ( n 3(^i)). 



34 



Proof. Set (p(z) = i [?/>(n + 1/2 — inz) — ip{—n + 1/2 — inz)], and recall that g' (z) = 
9 + <p(z). We have 

9' <u) {z) = Uz) + Mz + in u - 1 ) - 2</>(z) + 0(z - m"" 1 )). 

The difference is n 2 ( u_1 )(7Q (z)+0(n 3 ( u_1 )). The claims for the other derivatives follow 
similarly. 

The facts regarding uj' and g^y\{u') may be deduced by standard calculus. The 
monotonicity property for g a r u ) on = uj' is proven in the same way as the related 
claim for go, in Lemma 13.31 □ 

Using the last lemma, we can now evaluate log |^ a («)(^)l- 

Proposition 6.3. Uniformly for 9 in compact subsets of (0, it) and for 1/2 < u < 2/3 

we have 

r a ( u ) W = (1 + 0(n 3u ~ 2 )) exp (-2(sin 9/2) 2 n 2u ~ 1 ) . 

(2) 

Proof. The assumption on 9 ensures that g^ (uj) = 0(1). Standard application of the 
saddle point method gives 

Comparing this to the integral for the trivial representation at its saddle point uj yields 
r a{u) (9) = exp (n(g a{u) (J) - 9o (uj))) (1 + 0(n 2 ^)) 

= exp f-rt 2 "- 1 ^ 2 ^) + 0(n 3u ^ 2 )) = exp (-2(sin 0/2) 2 n 2 "- 1 + 0(n 3u ~ 2 )) . 

Here we use g^\uj) w 2(sin#/2) 2 , as seen from uj cot6>/2, with an error absorbed in 
the 0(n 3u ~ 2 ) term. □ 

Proof of lower bound in Theorem \1.3i It suffices to prove the following two results sep- 
arately: 

1. For t = 2|^3y^(log n — c), \\6jd ■ P l — v\\2 °Oj fi — > oo, c — > oo 

2. For t = 4o .]^ n(log n — 3 log 2 re — c), ||<5/<2 • P* — i/||2 — > oo, n — > oo, c — )• oo. 
We prove both results by dropping all but one term in the sum 

In the first case, we take the natural representation a = (0, 1), with dimension 

^(o,i) = 2n + 1 and character ratio £( r (o,i)) = 1 — - + 0(l/ra 2 ), which plainly 
suffices. 

Notice that the second case is contained in the first unless cr 2 (q) < ' < 1/2, 
so we assume o~ 2 (q) < 1/2 from now on. In this case we consider a representation 
of the form a(it), where u is slightly larger than 1/2. Introduce parameters A and j3 
characterized by 

e p = - A log A 



/3 I \ ~\ \ log n 



2(sing/2) 2 
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and set u = \ + . Note that our dimension evaluation in Lemma 16.11 gives 



n. 



(1 + 0(1/ log n)) log d,^ = (\- e P n l 0i 
v \2 21ogn / 

Since g is in the support of £, we have 

for some <5 > 0. Proposition 16.31 gives an asymptotic evaluation of r a ^{9) for 9 G 
[g, 7r — e], so in evaluating the contribution of 9 G [it — e,ir] to £,(r a ( u )) we simply put 
in the bound of Proposition 13.11 for the fixed 9 walk, 



< 



(2-e 2 /2)log4 (M) 
n(logn + 0(l)) 



Putting in the asymptotic of Proposition 16.31 for r a ^ {9) for 9 on the small interval 
[q, q + A -1 ] and using only that the character ratio is non-negative on the remaining 
bulk, 9 G [q + A -1 , n — e], we deduce the lower bound 



£(r a(u )) > (1 + 0(n 3 ^ 2 )) / exp (-2(sin 0/2) V) d£(9) 

J\e-n\<e V 7 



|0-7r|<e 

> 5 A' 1 exp f-2(sin g/2) V) exp (-2A~ 1 e /3 ) - exp f-(l + 0(e 2 ))e / 



Since <r 2 (g) < 1/2 this furnishes an asymptotic of shape 

£(r a («)) > ^ exp (-2(sing/2)V 

if e is chosen sufficiently small [use exp(2A _1 e^) = A x ^°f^ n while e' 3 x logn]. 
Therefore 

loge(r a(u) ) > -2(sin 9 /2)V - 21og 2 n-0(l). 

We deduce that 

n(logn — 3 logo n) -, 
4( sing / 2 ) 2 lo g?( r a(n)) + logd a(u ) > 0(logd a(n) (logn) ). 

The result follows since the error can be absorbed in the constant c. □ 



6.2.1 Upper bound for I? mixture walk 

We now turn to the upper bound in Theorem II .31 In this section we prove the following 
variant of the character ratio bound in Proposition 13.11 for mixtures of character ratios. 

Proposition 6.4. Let £ be a probability measure supported in (0,7r) and let q > and 

q' < 7r be the smallest and largest points in its support. As usual, let o~(9) = sin(0/2). 
Let p a be a non-trivial irreducible representation. There exists a constant C > for 
which the following bound holds. 

log£(|r a |) < -min ( J^j-^r , —r-, T^T^ TT^l lo S d *- 

\ra(logn + G) n(logn + 21og 2 n + C) J 
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From this Proposition, the deduction of the upper bound in Theorem 11.31 is the same 
as for Theorem 11.21 

As in the proof of Proposition 13.11 for fixed angle, the proof of Proposition 16.41 splits 
according as the representation is small, moderate or large. When the representation 
is small, in the range ^ aj < j^j^, one may apply Lemma 15.31 directly to deduce that 

r a (fl) = l_^W (1 + 0(1/ log n)), 
and that, in this range, E\ = 0(n 2 /(log 2 n). Thus for small representations, 

e(|r a |) = e(r a ) = 1 - + 0(1/ log n)) 

and 

log£(|r a |) = -^^(l + 0(l/logn)). 

The proof that 

2e(a 2 )io gc ? a 



log£(|r a |) < 



n(logn + C) 

now goes through as before. 

Similarly, when the representation is large, in the regime where a n > -^A n, ar- 
guments similar to our previous ones reduce the problem to the case of small and 
moderate dimensions. Recall that previously when the representation is large, we ei- 
ther build the character ratio out of a ratio on a smaller group by appending weights, 
or bound the integral trivially. We leave it to the reader to check that in our bounds 
from Section 15.31 on large representations, the incremental contributions to the log of 
the dimension are dominated by the contributions to the character ratio by a factor of 
at least logn, so that large representations may be ignored. 

We now turn to the main case of moderate representations, where there are some 
new ideas. One idea is that the greatest trade-off between character ratio and dimension 
growth occurs for a n of size about n 1 / 2 . For smaller a n , the character ratio is sufficiently 
near 1 that there is no loss in integrating it directly as opposed to it's logarithm. For 
larger a n the character ratio outstrips the dimension by a larger amount. Another idea, 
already illustrated in our proof of the 1? lower bound, is that the dimension is most 
difficult to control when the indices aj are shifted in a 'clump'. We handle this case in 
Lemma 16.101 below. 

Before starting out we make several simplifying reductions. As before, we bound 
the character ratio r a {9) for 9 E [q,q'] by bounding the associated integral|£j 

| ra (0)| < (2n ~ 1)! -1 [ e nX( 9 ^ + it)) dL 

1 al 11 ~ (2nsinf) 2 "-i27r 



/log n 



This we write as 

(2n-l)! 1 



(2nsin|) 2 ^ 1 2^ 



e 



|t|< { - 



i(0,i) e n^{go{u)+it)) ^ 



5 Throughout this section we will work with integrals truncated at |t| , 1 , thus neglecting the tail. 

y/ lOg 71 ^ 

The necessary argument to control the error from the tail is the same as in Proof of Proposition [3T1 
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where we introduce 



L a (9, t) = n^(g a (u(9) + it) - g (uo(9) + it)) = log 

and also L a (6) = L a {6,0). 

We now record several lemmas regarding L a (0,t). 



l = l (ti; (0) +i i)2 + Q 2 



Lemma 6.5. In the range uj = 0(1), ctj = 0(1) and \t\ = o(l), 



UJ 2 + (u + it) 2 



a] - ^ 2 



a] + w 2 



|[i + o(^ 2 )] 



a 2 + (w + it) 2 

In particular, if p a is a moderate representation and 9 £ [q,q'], \t\ <C then 

L a (9,t) = L a (9)(l + 0(t 2 )). 

Proof. Write 



uj 2 + (w + ii) 2 
a 2 + (w + ii) 2 

Since 1 — — — 1 



<Xj- u i 
a 2 + ui 2 



1 + 



a 2 + w 2 



a 2 + (w + ii) 2 



2 | = 0(1), the first statement's proof is completed by noting that 

^3 



1 I has imaginary part that is 0(|t|) and real part that is 0(t 2 ). 



a 2 +ui 2 
a 2 +(ui+it) 2 

For the second statement, note that p a moderate implies ctj = 0(1), while 9 £ [q, q'] 
implies ui = 9(1). The first statement then applies, and shows that 



log 



J 2 + (u) + it) 



a 2 + (u + it) 2 



:i + 0(t 2 ))log 



^ 2 + S 2 | 
uj 2 + a 2 



□ 



The second claim follows on summing over j. 

Lemma 6.6. Let p a be a moderate representation and let 9 G [5,5']- Then L a (9) X 
L a (q). Also, —L a (q) » for all moderate a. 

Proof. Since u = 0(1) and ctj = 0(1) for all j the first statement follows immediately 
from the definition, 

For the second statement, recall that a moderate guarantees J2j a j ^ an d 
a n <C n. Since the aj are weakly increasing, Ylj>n/2 a i k^TI • Thus 



~L a (q) » - log 1 

j>n/2 V 



a|_-a; 2 
uj 2 + a* 



1 



j>n/2 



log n 



since l<w; < a.; <C 1. 



□ 
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Lemma 6.7. There is a constant c > such that for all moderate representations p a 
we have 

log£(|r«|) < cL a (q). 
Furthermore, there is a c'(£) > such that if —L a {q) < c'n then 

log£(|r a |) < (l + 0(logn/n))log^(e ia W). 

Proof. By modeling the proof of Proposition 13.11 for moderate representations (see e.g. 
(|33l) ) we have 

£(ka|) < (l + 0(l/n)) sup sup e-^'*). 

06[9,9'] |t|< £ -J— 

The first statement follows since L a (6,t) ~ L a {0) >c L a {q) [the error term of size 
0(l/n) is negligible]. 

To prove the second statement, use ([371) to write 

\r (9)\ < e L *W±— 

1 ai jl " (2nsin(f))2-i 

x^- / exp (- ^^ +O {?L a (0))+O{nA dt. 



Tog n 



For L a (9) < c"n for a sufficiently small constant c" , the entire expression evaluates to 
(see ©) 

e iaW (l + O(l/n)+O(La(0)/n)) _ 

Thus 

e(ka|) < C(e La )(l + 0(l/n) + 0(L a (g)/n)). 
The final claim follows since log£(e ia ) X L a (q) and —L a (q) 3> 1/logn. □ 

The above lemmas effectively reduce our problem to that of comparing L a {9) to 
the dimension \ogd a . Recall that earlier we introduced the dimension increment 



dk tt a k~ a 



= strife 



j 



k (k - 1/2)2 _ (j _ 1/2)2 
and that in Lemma 14.11 we proved the bound 

log d a (k) < a k log (l + + (2fc - 1) log (l + l£ti) + ^ 38 ) 

Similarly, now we introduce the character ratio increment (recall ctj = (aj + j — 1/2) jn) 

( <A-<A \ 

L a (k,9 ) = log l--^—-^ • 
We now prove several lemmas about these increments. 
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Lemma 6.8. Let p a be a moderate representation. For all j S> n we have 

-£aO\0)»e-- 

n 

If j > n — On/ log n for some constant C and aj < n/logn then 

(1 + 0(1/ log n)). (39) 



n 



Proof. For both claims, write a 2 — w 2 = — • aj+2j - . The first claim is straightforward. 

J J 3 n n ° 

For the second, observe that a - 7+ ^ ? ~ 1 = 2+0(1/ log n) and -^sr^p. = £>" 2 (1 + 0(1/ log n)). 

□ 



The next lemma allows us to prove the type of estimate that we want for Proposition 
6,41 for a collection of increments whose sum is not too large. 



Lemma 6.9. Let GcZfl [n — Cn/ log n, n], C a constant, be a subset of indices such 
that X^jeG a i < Egn - Then f or a sufficiently large constant C , 



log f 9 exp [ ^2 L a (j, 6) J d£{6) < 



n(logn + C) 



Proof. Since aj < n/logn for all j G G, we may substitute the asymptotic (|39|) into 
the LHS and integrate. Since the argument of the exponential is 0(1/ log n), the LHS 
becomes 

(l + 0(l/logn))=^^5>;- 

The result now follows on noting that, in this range, logd a (j) < Oj(logn + 0(1)). □ 
Lemma 6.10. Let B be the collection of indices 

B = {j€ [n- On/log n,n] : a j e ({1-5))S,S}} 

where 5 = j^^, C is a constant, and 1 < S < 1 " 1 p gn ■ Suppose that \B\ > j^-^ (in 
addition to \B\ < ^^)- Then 

logd a (B) = f Y,^gd a (j) <(l- | B |5(logn + 0(l)). 

\ logn / 
jeB v 6 J 

In particular, for each 9 £ [g, </] we /iave 

Vl r,- ^ < -4a 2 (g)iogda(i?) 

aU, j _ n ( logn + 2 log 2 7i + 0(l))' 

jeB 

Proof. To deduce the final statement from the remainder of the lemma, observe that 
for each j £ B, Lemma 16.81 gives 

-LaM) = ^^(l + 0(l/logn)) 
n 
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so that 

.2 



5>(J,«0 < (g)|i?|g (l + 0(l/logn)), 



n 
jeB 



while the first part of the present lemma gives that 

d a (B)< (l + l ^)\B\S(\ogn + 0(l)). 



logn 

Turning to the main statement of the lemma, let m be the last index in B, and, 
with an eye toward applying the block dimension bound in Lemma 16.11 set T = \B\. 
Obviously those indices greater than m will not affect d a (B), so henceforth we will 
write a in place of a(m), the weight truncated at m corresponding to a representation 
on SO(2m + l). 

Factor d a (B) as d a {B) = E a (B) ■ I a (B) where E a {B) corresponds to factors pairing 
indices in B with those outside, 

~2 ~2 

E a (B) = 11 _ 3 \{ (•_ 1 / 2 )2_( i _ 1 /2)2' 

jeB J 1 i<m.~T U 1 ' y 11 

and where I a (B) pairs indices both inside B, 



w)=n n 



d) - 5? 



(j - 1/2) 2 - (z - 1/2) 2 ' 

jeBm-T<i<j yj 1 ' K 1 ' 

Set s = isfii) 1 = cf^ and write as Defore a (S,T) = (O m _ m t,(m s ) m t). Then we may 
bound E a \B) < d a r s>t \ so that Lemma 16.11 yields the bound 

logE a (B) < (l-sV*)ST(logn + 0(l)). 

This is of the right size, so we now work to show that log/ a (i?) is of lower order by a 
factor of logn. 

Write I a (B) = I a (B) + I a {B)~ , where 

4(B)+ = n n ^y'+i-i , /.(B)- = n II 

jeB m-T<i<j jeB m-T<i<j 

Then we have the bound 

jeB m-T<i<j v v V / fc> /// 



which more than suffices, since T < Cnj log n. To bound I a (B)~ consider the repre- 
sentation pb on 50(2T + 1) with bi = a m -T+i — a m -T < 5<5- Then I a (B)~ = < d^. 
Since <S < T, the bound (j38|) gives [use log(l + x) < x] 



T 



logdb < ^6i(logT + 0(l)) < SST(\ogn + 0(l)). 



i=l 



Since 6 = 1/ log n this completes the proof. □ 
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n — k 



Lemma 6.11. Let p a be a moderate representation with aj = for j < k. Let a' 

denote the string such that a'{i) = a(i) for i < k and a'(i) = a{i) + 1 for i > k. For 
some constants C, C > 

log dgj < log d a + Cn 

while 

L a > < L a — C _ 

n 

Proof. The dimension claim follows from Lemmas 14.21 and 14.31 The character ratio 

(2 2 \ 

1 — Ji + Jb. ) decreases by 

Q(l/n) after the shift. □ 

Proof of Theorem \1.3\ upper bound, moderate representations. We begin with a few ob- 
servations. We assume that p a is moderate, with a n < n. Therefore, by Lemma 
15.41 of Section [5.21 log<i a <C n 2 . Therefore, we may restrict attention to character ratios 
for which — log£(|r a |) <C ■ By Lemmas 16.61 and 16.71 of this section, this means that 
we may assume —L a (q) <C j^^j s ° that, to within negligible error, we may replace 

Next observe that for a sufficiently large constant c, we may assume a, = for all 
i < n — j^i- This is because any string with non-zero entries in this region may be 
obtained from one with all zeros by making shifts of the type described in Lemma [6.111 
and if c is sufficiently large, these shifts improve the bound in Proposition 16. 4[ 

1/2 

We next dispatch with any indices for which dj > ^— - . Recall that dj <nso that 
gives 

logd a (j) < %(logn- logo,- + 0(1)). 
If dj > (i Q g n y2 then the first part of Lemma 16781 gives L a (j,8) 3> Thus 



nlogn . logre 

ia(j,f) > i log d a (j)- 



Aa 2 (q) ' log 2 n 

en the se 

large constant C, 



If cij < ff^rfp then the second part of Lemma [6781 guarantees that, for a sufficiently 



n(logn + 21og 2 n + C) , 
4 ^ 2 L a (j, 0) + log daU) ^ °> 

but now the factor of log 2 re is needed. 

Now we treat the indices for which dj < re 1 / 2 / log n by splitting them into bins. Let 
5 = 1/ log n and let 



n 1 / 2 , n 1 / 2 



log n log n 



log^ 
-log(l - 5) 



Say an interval is 'big' if there are at least n 1 / 2 / log re indices j for which dj € 1^. 
By Lemma EH if Ik is big then we have, for a sufficiently large C, for all G [g, </], 

E *W)<— 7i ^ - r , £ l0gda(j)- 

^— ' nllogn + 2 logo n + G) ^— ' 
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Let B be the collection of all indices j belonging to a big interval, together with 
all j for which aj > n 1 / 2 /logn. Let m > n — cnj log n be the least index for which 
a m / 0, and set S = [m, n] \ B. Observe that 

L a (0) = Y, 0) + Y L a(j, 0) = L a , S (0) + L^tf), 

and 

log d a = Y d M) + Y da ^ = log da > B + log da ' s - 

j£B j£S 

Since each j € S has a,- in an interval that contains at most ra 1 / 2 / log n other indices, 
we may bound 

a,- < > (1 - S) k - < , 

logn z — ' logn logn 

jes & fc=o & & 



L„.^^M/ 2£(ct 2 ) logons 



and, therefore, by Lemma 16,9 



log ^ e L »> s «»d£(e) < 
J a 



n(log n + C) 



Now we bound 



rq' 

loge(kal) <log / e L ^(0) 

< sup L a , B (0) + log / e L ^W^(0) 



< 



4cr 2 (g)logda,B 2£(o- 2 )logd a ,s 



n(log n + 2 log 2 n + C) n(logre + C) 

completing the proof. □ 

Remark 5. From the proof of Theorem ll.3| we also get cutoff for arbitrary L 2 distance 
gap. Let T2 ; fc(n) := inf{i > : \\P l — v n \\2 < k}. Then there exists < oo such that 

n(logn - 31og 2 n - c k ) ra(log n + 2 log 2 n + c k ) 



In particular, lim fc lim n T 2tk (n)/(n log n) = Aa i {q) \ 2 ^) - 



7 L°° mixing time 

In this section we prove Corollary 11.21 First we define, for two Borel probability 
measures on a compact metric space /?), the L°° distance of [i and v w.r.t. z/, by 

1 1 A* - Hloo := || A* - Hloo.i/ := sup \n(f) - v(f)\. 
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If /i is not absolutely continuous with respect to v then the L°° norm is oo, since if 
U = {x G Q : ~£(x) = 00} then for any Borel function / supported on U, v(f + 1) = 1. 
Conversely, if p has a density with respect to u, then we have the alternative definition: 



\P ~~ u \\oo = ess sup 



The equivalence of the two definitions is trivial in the discrete case. For compact metric 
space, use the fact that ^(x) = lim r _ s>0 + ^g r [^jj , where B r (x) is metric ball of radius 
r around x. 

Now specializing to the running distributions of a Markov chain, the first definition 
further implies that for any starting state x, the L°° distance doo(t) := \\P* 
monotone non-increasing, since 

^||oc = ||P*P-^||oo= SUp \Pl(P(f))-v(P(f))\ 

< sup \P*(g) - = ||P* - i/||oo, 

using z^(/) < 1 implies u{P{f)) < 1, by Markov property. 

Now recall the Fourier inversion formula for compact Lie groups: for any / G 
L 2 (SO(iV)), 

/(*) = £ d p Tr[f(p)p(xn 

p<=SO(N) 

Let /t = — 1, where = Sj^P 1 . Since we are interested in the situation where 
esssup^gQ t^tOe) < 00, certainly we may assume ft € L 2 (SO(N)). Since pt = p u is a 
convolution product and invariant under conjugation, ft(p a ) = £( r a(#))*-^2 a ; that is, a 
constant times the identity matrix. In particular, ft(po) = 1- Therefore 

/t0»0 = X] d i r aXaO); xa(a?) = ^-Trp a (x). 

Thus when t = 2s is even, the maximum of |/t(x)| occurs at x G {±Id} (r a := -^p(p) 
can be either positive or negative). But at x = Id say, we have /i(Id) = X^ a ^a r ai 
which coincides with \\Pf d — v n \\2- Thus ||P Id — ^nlloo = 1 1 -fid ~~ u n\\2 an d the Corollary 
follows from monotonicity of the L°° distance. 



8 Open problems 

We have seen the power of the contour representation formula @ in proving sharp 
estimates for the size of the character ratio, which is instrumental in studying the con- 
vergence rate of the generalized Rosenthal walk under various norms. Several questions 
however still remain: 

• What is the optimal cutoff window of L 2 and L°° convergence? We show only 
show that it is of order 0(n log 2 n), but our proof accommodates a general mea- 
sure. It seems likely that for a specific measure 0(n) is the right answer. 
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• Theorem 11.31 artificially assumes that the generating measure \i be supported away 
from 7r S T 1 . The assumption is necessary in our proof because the saddle point 
method breaks down for 9 close to ir. Incidentally, the perturbative approach 
based on Rosenthal's 9 = it upper bound result is not applicable here since it 
does not allow the separation of small and medium weights in our analysis. 

• For a fixed n it would be nice to determine the first step at which the I? distance 
from uniform becomes finite. Carefully tracing our treatment of large representa- 
tions shows that this happens in time 0(n), while a time > n is necessary, because 
prior to this point the measure is supported on a lower dimensional submanifold. 

• In Appendix A we prove a generalization of the the contour formula to the 
case where the generating measure of the random walk is supported on bigger 
conjugacy classes of SO(N), such as SO(2k) C SO(N); this is derived in Ap- 
pendix A below. It remains to be seen whether multidimensional analogues of 
our arguments yield the corresponding mixing time analysis for the related ran- 
dom walks. A reasonable lower bound and candidate mixing time is available in 
this case from the second moment method applied to the natural representation. 

• In \2\ it is proved that under very general condition on finite state space Markov 
chains, ^ p -cutoff implies £ q cutoff for q > p. Does the same hold for our continuous 
state space walk? 



A Contour formula for characters of ,SO(2n + 1) 

We have hitherto used an integral expression for the character ratios of the orthogonal 
group evaluated at a rotation in a single plane. We now generalize this expression to 
give a fe-fold integral formula for the character ratios evaluated at a generic element of 
SO{2k) c SO(2n + l). 

Let p a , a = ai > <i2 > ... > a n > 0, be an irreducible representation of SO(2n + 1) 
corresponding to highest weight J2 a i^i (the Li are roots), and let 9 = ...,#&) G 
(M/27rZ) fc be an element of a torus contained in SO(2k) C SO(2n + 1). Recall that in 
the case k = 1, we derived from Rosenthal's work [17] the formula (dj = aj+n— j + 1/2, 
0j =n-j + l/2g 

,„v (2n — 1)1 f , , , . , , , , . sin #2: 



(2nsin^/2) 2 "- 1 J a >^~^~' a >^~' U^iitf ~ z 2 ) 
The general formula is given by 

r a (0i, Ok) = L(9i, Ok) j> ■■■ j> M a;01i ... A .(>i, Zk)dz\, z k , 

Cix...xC fc 

where the contours Ci are chosen to have winding number 1 about each of the poles 
±di of the integrand 



k 

M ai e 1 ,...,e h {z^ Z k) = II U a:'/,i-/) X \{ < 
j=l l<Q¥=r<k 



2 _ 2\ 
z q z r ) ■ 



(i 



By the notation <f> we mean integration around a differcntiable loop with winding number 1 about all 
points in its interior. A factor of tt—. is included. 
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The leading term L(0) = Mq(9) 1 is independent of the representation a and given by 

(2n - l)!(2n - 3)!...(2n - 2k + 1)! 



L{0i, ■■■,0k) 



2 2nk-k* U k sin( 0. )2 n-2i +1 J^. ( sin (^/2)2 _ sin (^/2)2) ' 



The character Xa(0) is given by the following determinantal formula ([7], p. 408, 
(24.28)) 



Xa(0) 



s(ai6»i) 3(016*2) • s(ai6 ) n ) 
s(a 2 6 ) i) s(a 2 6< 2 ) • s(a 2 n ) 

s(a n 0i) s(a n 2 ) • s(a n n ) 



s(6i0i) s(Oi0 2 ) • s(Oi0 n ) 
s(O 2 0i) s(O 2 2 ) • s(O 2 n ) 

s(Mi) s(6 n 2 ) • s(6 n n ) 



Since the dimension is equal to the character value at 9 = 0, we obtain the character 
ratio 

s(5i0i) • s(oi0 fc ) s(aie fc+ i) • s(oie n ) 
s(a 2 0i) • s(a 2 0fc) s(a 2 e fc+ i) • s(a 2 e n ) 



r a (0i, ...,0fe) 



s(a n 0i) • s(a n 6 k ) s(a n e k+ i) ■ s( 



s(aiei) s(5ie 2 ) ■ s(fiie n ) 
s(a 2 ei) s(a 2 e 2 ) • s(a 2 e n ) 

s(a„ei) s(a„e 2 ) • s(a n e„) 

s(0iei) s(6ie 2 ) 
s(0 2 ei) s(0 2 e 2 ) 



s(0ie n ) 
s(0 2 e n ) 



s(6 n ei) s(0 n e 2 ) • s(0 n e n ) 



s(Oi0i) • s(Oi0 fc ) s(0ie fc+1 ) • s(0ie n ) 
s(6 2 0i) • s(O 2 fc ) s(0 2 e fc+1 ) • s(6 2 e n ) 

s(6 n 0i) • s(6 n fc ) s(6 n e fc+ i) • s(6 n e n ) 

where ei, e n represent infinitesimals tending to 0. 

Let €1 y e 2 y ... >- e n where a >~ b means b is eventually smaller than any fixed 
power of a as a and b tend to 0. Then expanding sin in its power series about and 
taking the limit we may write r a = R a /Ro where 



s(Si0i)/5i • 


S(5l0A;)/Ol 




-a? 




-fc-1 


(- 




1 


s(a 2 0i)/a 2 • 


s(a 2 0fc)/a 2 


( 


-a| 


,n- 


-fc-1 


(- 


~2\n-k-2 
a 21 


1 


s(a n 0i)/a n • 


s(d n 9 k )/d n 


(- 


"On 


)" 


-Jfc-1 


(" 


7.2 \n-k-2 


1 




(-air- 1 


( 


-a?) 


71- 


-2 


1 








(-al)n-l 


( 


-a|) 


n- 


-2 


1 










( 




n- 


-2 


1 







7 Hcnceforth we write only s for sin. 
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In the case k = 1, expand the first column and use the Vandermonde formula to 



find 



R. 



■a 1^1, 



E 



sin(#i5j) 



M afil {z)dz. 



In general, expanding by the first fe columns we obtain 

nj=i sin^oi. ) rii<^r<fc( 5 i 8 - «i 



E 



distinct 



i<i 1 ,...,i fc <n riy=i ( s n^i, ifli - o 2 



M aj 6i(z)dz, 



since the factor rii<i^j<fc(^ ~~ z |) i* 1 ^a,6»( z ) exactly produces the required factor of 



t~2 ~2 



n 

at each set of poles. 

Backtracking a bit, we determine the constant term by 



In-llnS 2n-2fc+l 



det 



Ro 



s(Oi^) s(6 iei ) 



(2n - l)!(2n - 3)!...(2n - 2fc + 1) 



det [s(6iej)] 



Since s((j — 1/2)6) is a polynomial in s(6/2) with highest order term 2 J 1 s(6/2) 2 i 1 , 
performing row reductions lwe obtain 



2n-l 2n-3 2n-2fc+l 
-1 e 2 ••• e fc 



det 



8(^/2) 



2n-2i+l 



s(e i /2) 2 "- 2i+1 



(2n - l)!(2n - 3)!...(2n - 2fe + 1)! det [s(ej/2) 2n - 2i+1 ] 

so that, applying the Vandermonde and keeping in mind the relative size of the in- 
finitesimals, we arrive at 

nj=i [2 



Rc, 



} =1 [2 2 - 2 ^ 1 s(^) 2n - 2j+1 j . 



ni 



fc (s(^/2) 2 -s(^/2) 2 ) 



(2n - l)!(2n - 3)!...(2n - 2k + 1)! 



as wanted. 



B Contour formula for characters of S n 

For an application of the results in this appendix, see [9] . 

Let A,/) h n be two partitions of n with A indexing an / A dim. irrep. of S n , 

x x 

and p indexing a conjugacy class. The following expresses the character ratio yx as a 
(multiple) contour integral. The formula in the case where p = (r, l n ~ r ) is a cycle is a 
famous formula of Frobenius, see |13j . p. 118. 

Write p = A + 5 = (X\ + n — 1, A2 + n — 2, A n ). The situation is simplest when 
p = (r, l n_r ) has a single non-trivial cycle, in which case the formula is a single contour 
integral. In this casep 

*| = (n-r)!f _g^ z _^_ r (40) 

8 x^ = x(x - l)...(x - a + 1). 
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where the contour is taken to be any one containing the residues /ij. In general, if p = 
(r*i, r-ii • r k , l n_r ) has non-trivial cycles, then the formula is a contour integration 
in k variables given by (r = r i) 



4 = (n-r)\ 
f x nl 



Mfj, ]ri ,...,r k (zi, ■■■,z k )dzi...dz k ; (41) 



Here an admissible configuration of the contours has the contour C\ of z\ encompassing 
fix, .. ., jJL n , the contour C2 of Z2 encompassing C\ , C\ ± r\ , Ci ± r-i-, the contour C3 of Z3 
encompassing C% C2 ± v?,-, C2 ± ^3, etc. 
When /j = (r, l n " r ) ([13], p. 118) gives 

A I Yl 1 

Xp = n! /jj! -pr /ij -fij-r 

f x (n _ r)! Z. (/ ,._ r)! ll ^ ■ ^ ^ 



This is visibly equal to the sum of the residues of Mn r (z), which shows (|40D . 

In the general case, (P3], P-H7, 6 and 7) gives that Xp is the coefficient on in 

(^< i )(E< 2 )-(E< fe )(E^) n " rA ( x ) 

where A(x) = A(xi, ...,x n ) is the Vandermonde. In particular, he deduces the dimen- 
sion formula 

\ n) 

M X = Xin = -rA(^) 
fil 

and in the case p = (r, l n_r ) of a single cycle he gives a formula for Xp\ from which 
he deduces (|4*2|) . Write e, = (0, 1, 0) with the 1 in the ith slot. In the case 
p = (r, l n ~ r ) of a single cycle, Macdonald's formula reads 

x = n - r ! > — . 

^ {^-rei)\ 

For general p = (r±, ...,r k , l n_r ) the analogous formula is 

X 1 m &{p- ne h - ... - r k e ik ) 

X P = (n-r)\ \ *f-. 

,^ . • ^ (p - - ... - r k e ik y. 

Thus the character ratio is given by 

= (re-r)! //!A(/i - rie fl - ...-r k e ik ) 

We prove the equality of (|43|) with (j41[) by induction. First notice that if we interpret 
(p-re ■)! as i n d32])i then the equality between (l4T)|) and (l4*2j) actually holds for /i, 
that are arbitrary pairwise distinct complex numbers. We include this more general 
condition in the inductive assumption. 
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Suppose that the case A; — 1 is settled and we wish to prove case k. We assume 
that an acceptable configuration of k contours has been fixed. Invoking the inductive 
assumption we may write (|43p as [fj indicates the string r2, with n omitted, and 
similarly zi] 



IV. 



(n — r) 



l<ii<n 



(n — r) 



l<il<n 



z\ - Hj 



M^r^f^Zi) 



dz2---dz) t . 



(44) 



Since 



M,_ rieii;fl ( Zl ) - M M;fl ( Zl ) _ - _ ri)(zi _ - - 



and 



Z\ - fij 



ii = 1,2,..., n 



Zl=/Uj 



are the residues of M M (zi), we see that the right side of (|44p is equal to (|4"Tj) once the 
residues in the inner integral are evaluated. 
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